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During the subject of Mechanics of Materials (Strength of Materials) the
investigations are limited only the theory of linear elasticity.

INTRODUCTION

The elasticity is the mechanics of elastic bodies. It is known that solid bodies
change their shape under load. The elastic body is capable to deform elastically.
The elastic deformation means that the body undergone deformation gets back its
original shape once the load ends. The task of the elasticity is to determine the
displacement, the strain and the stress states of the body points. Depending on the
connection between the stress and strain this elastic deformation can be linear or
nonlinear. If the function between the stress and strain is linear we say linear
elastic deformation. Materials which behave as linear are the steel, cast iron,
aluminum, etc. If the function between the stress and strain is nonlinear we say
nonlinear elastic deformation. The most typical nonlinear material is the rubber.
This exercise book deals with only the theory of linear elasticity.

The theory of elasticity establishes a mathematical model of the problem which
requires mathematical knowledge to be able to understand the formulations and
the solution procedures. The governing partial differential equations are
formulated in vector and tensor notation.
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1.1. Theoretical background of the displacement state of solid bodies

1. DISPLACEMENT STATE OF SOLID BODIES

Displacement field

Considering the theory of linear elasticity the deformed body under loading gets
back its original shape once the loading ends.

Now, let us consider a general elastic body undergone deformation as shown in
Figure 1.1. As a result of the applied loadings, the elastic solids will change shape
or deform, and these deformations can be quantified with the displacements of
material points in the body. The continuum hypothesis establishes a displacement
field at all points within the elastic solid [1].

We have selected two arbitrary points in the body P and Q. In the deformed state,
points P and Q move to point P’ and Q'

t=10 =1t

Figure 1.1. Derivation of the displacement vector

Using Cartesian coordinates the rp and r'p are the space vectors of P and P/,
respectively, where r'p can be described using rp

Trp = xPi + ypj + Zpk,

/ 1.1
T'p=T7TptuUp, (1)
where up is the displacement vector of point P,

up = upi + vpj + ka (12)

Here up, vp and wp are the displacement coordinates in the x, y and z directions,
respectively. It can be seen that the displacement vector u will vary continuously
from point to point, so it forms a displacement field of the body,
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u=u(r)=ui+vj+wk (1.3)
We usually express it as a function of the coordinates of the undeformed geometry,
u=ulr) =ulxyz);, v=v@)=vxyz);, w=wkr =wlyz) (1.4)
The unit of the displacement is in mm.
Derivative tensor and its decomposition

Consider a Q point which is in the very small domain about the point P, and P # Q.
We have formed the vector Ar connecting these points by a directed line segment
shown in Figure 1.2. The difference of the up and u, is the relative displacement
vector Au. An elastic solid is said to be deformed or strained when the relative
displacements between points in the body are changed. This is in contrast to rigid
body motion, where the distance between points remains the same.

Figure 1.2. General deformation between two neighbouring points

[t can be seen that Ar can be expressed

Ar =r1q —71p = (xg —xp)i+ (yo —¥p)J + (20 — zp)k = s
= Axi + Ayj + Azk '

Since P and Q are neighbouring points, we can use a Taylor series expansion
around point Q to express the components. Note, that the higher-order terms of
the expansion have been dropped since the components of 1 are small,
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dup dup dup
Ug = up + o Ax + 3y Ay + Fp Az,
Vo =vp+ Oaljcp 861;,, Ay + a;zp Az,
Wo =wp + 6;;,; Ax + 6;;,; aa“;P Az.
It can be written in vector form
Ug =Upt [aa'jcp aa';zp a;zp] ar,

from where the approximation of the relative displacement vector is

Jup
0x

oup Ju
P P] Ar.

Au:uQ—uPE[ 3y oz

We can introduce now the derivative tensor Up of the displacement field

Au = UpAr,
where
rdup Oup Oup]
dx dy 0z
__[0up Oup aup]__ dvp 0dvp OJdvp
P=lox oy ozl |ox oay az|
dwp Owp Jwp
 dx Jdy 0z .
In general
rdu  Jdu Jduj
dx 0dy 0z
v Jdv Odv
U=|— — —I|
dx 0dy 0z
ow Jw Jdw
[ dx 0d0y 0zl

Considering the V Hamilton differential operator

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)



SZECHENYI @

u
U=—oit+—oj+—ok=uoV. (1.13)
y Z

the derivative tensor can be written in dyadic form

All tensors can be decomposed into the sum of a symmetric and an asymmetric
tensor, so let us write the derivative tensor of the displacement field U into the
following form,

1 1 1 1
UZE(U°V+V°u)+E(u0V—Vou)=E(U+UT)+E(U—UT), (1.14)

where is UT the transpose of the derivative tensor,

(ou 0v Ow
Ox O0x O0x
Ut = du dv Jdw 115
oy oy oy (115)
Jdu dv Jdw
Ldz 0z 0z
The first part is a symmetric tensor called strain tensor,
1 T
A= Usymmetric = E(U +U"). (1.16)
The second part is an asymmetric tensor called rotation tensor,
1 T
Y= Uasymmetric = E(U - U"). (1.17)

Using the Eq. 1.16 and Eq. 1.17 the derivative tensor can be written with the sum
of the strain tensor and the rotation tensor,

U= A+¥. (1.18)

The strain tensor represents the pure deformation of the element, while the
rotation tensor represents the rigid-body rotation of the element. The
decomposition is illustrated for a two-dimensional case in Figure 1.3.
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=Y

Figure 1.3. The physical interpretation of the strain tensor and the rotation tensor

Rotation tensor

The rotation tensor represents the rigid-body rotation of the element. Let’s
investigate the asymmetric part of the derivative tensor of the displacement.

0 1 (au av) 1 (au GW)'
2\dy 0x/ 2\0z Ox
W 1 W -UT) = 1 (av au) 0 1 (617 BW) _
T2 “[2\ax oy 2\az ay/|
l(a_w _f’_u) l(a_w _ a_v) 0 (1.19)
2\0x 0z/ 2\dy 0z |
0 —Qz (py
=\| ¢z 0 —Px |,
—Py Px 0

where ¢ is the angle displacement and |¢| « 1.

If there is no deformation, when A = 0, then relative displacement can be
expressed by

Au = YAr, (1.20)
so the displacement vector of a body point Q can be written
Uy =up+¥-Ar =up + @ X Ar, (1.21)

where ¢ is the angle displacement vector, ¢ = @i+ ¢,j + ¢,k and up can be
interpreted as a dislocation. The rigid-body rotation gives no strain energy which
has an important role in the calculation, so the rigid-body rotation must be
constrained during the calculations using constraints.
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1.2. Examples for the investigations of the displacement state of solid
bodies

Example 1

The displacement field of a solid body is known. The space vector of a body point P
is also known.

Data:
u(x,y, z) = Axy?i + Ayz?%j + Azx?k
A=10">mm™?
p = —40i + 20j + 30k (mm)
o =7p+i== -39+ 20j + 30k (mm)
Questions:

a, Calculate the derivative tensor, the strain tensor and the rotation tensor!

b, Calculate the deviation between the exact and the appropriate value of the
displacement vector considering r,.

Solution:

a, To determine the derivative tensor the local coordinate derivatives of the
displacement field have to be calculated.

Ju au v ow
ax]+_k Ay?i + 2Azxk

ax  ox' )
au au v ow
ay ay ay]+$k—2Axyl+A21
u oJu ov ow
3, £l+a—]+a—k—2AyZ]+Ax2k

From the local coordinate derivatives of the displacement field the derivative
tensor can be established.

rdu  Odu  0u

ax dy oz

ov v ov Ay? 24xy 0 y2 2xy 0
U=a oy 9z|" 0 Az? 2Ayz|=A'| 0 z? 2yz

ow ow owl [24zx 0 Ax? 2zx 0 x?

10
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After substituting the rp space vector coordinates the derivative tensor of solid
body point P can be determined.

rdup Odup Oup
dx Jdy 0z
dvp Odvp Ovp

v# 2xpyp 0

Up = ox oy 0z =A-| 0 z3 2ypzz,,
owp O0wp 0Jdwp 2zpxp 0 xp
L O0x Jdy 0z
4 -16 0
:[ 0 9 12]-10—3
-24 0 16

Using the decomposition of the derivative tensor, the strain tensor of body point P
can be calculated.
L y? xy zx
A=§(U+UT)=A-xy z? yz
zx yz x?

Ap=A-|xpyp zp ypzp|=|-8 9 6

Yb  XpYp ZpXp 4 -8 -12
[ ] -1073
ZpXp YpZp  Xp —-12 6 16

Using the decomposition of the derivative tensor, the rotation tensor of body point
P can be calculated.

1 0 xy —zx
Y=—U-U)=A-|-xy O yz]
2 zx —-yz 0
0 XpYp  —ZpXp 0 -8 12
Yp=A"|—Xpyp 0 YpZp | = [ 8 0 6 ] 1073
ZpXp —YpZp 0 -12 -6 0

b, After substitution the displacement vector of body point P can be determined.
up = 1075 (—40) - 20%2i + 107°-20-30%j + 1075 - 30 - (—40)2k
up = —0.16i + 0.18j + 0.48k (mm)

After substitution the displacement vector of body point Q can be determined. This
will be the exact solution of the displacement vector at point Q.

uy =107°-(—39)-20%i + 107>+ 20 - 30%j + 107> - 30 - (—39)%k
uy = —0.156i + 0.18j + 0.4563k (mm) = Upexqct

11



SZECHENYI @

While
ro =1p +i== -39+ 20j + 30k (mm)
the relative space vector is
Ar=ry—1p =1

The approximate solution of the displacement vector at point Q can be determined
using Equation 1.8 and Equation 1.9.

[—0.16 4 -16 0 1
Ugapproximate = Up + Up - Ar =| 0.18 | + 1073 - [ 0 9 12] : [0]
| 0.48 161 10
—0.16] 0. 004 0.156
Ugapproximate = [ 0.18 ] [ 0.18 ](mm)
0.48 | —0. 024— 0.456

The relative displacement vector can be calculated.

0
Aug = Ugexact — Woapproximate = [ 0 ‘(mm)
0.0003

Example 2

The elements of the derivative tensor are known at body point P.

Data:

UP=

3 0 -4
10 -8 -—12|-107*
0 o0 6
Questions:

a, Using the decomposition of the derivative tensor determine the strain tensor of
body point P.

b, Using the decomposition of the derivative tensor determine the rotation tensor
of body point P.

Solution:

The derivative tensor can be decomposed into a symmetric and an asymmetric
tensor.

1 1
U= A+‘II=E(U+UT)+E(U—UT)

The transpose of the derivative tensor is

12
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Ut =

3 10 0
0 -8 0|-107*
-4 -12 6

The strain tensor of point P

1 3 5 -2
p=§(Up+UITa)= 5 -8 —6[-107*
2 -6 6

The rotation tensor of point P

1 0 -5 -2
szz(up—ug)z 5 0 —6/-107*
2 6 0

Example 3

The displacement field of a solid body is known. The space vector of a body point P
is also known.

Data:
u(x,y, z) = Ax3yi + Ay3zj + Az3xk
A=10"*mm™3
rp = 2i—3j + k (mm)
ro =7p+j=2i-2j+k(mm)
Questions:

a, Calculate the derivative tensor, the strain tensor and the rotation tensor!

b, Calculate the deviation between the exact and the appropriate value of the
displacement vector considering .

Solution:

a, To determine the derivative tensor the local coordinate derivatives of the
displacement field have to be calculated.

ou_ ou, +av +awk—3A + Az3k
ax - axt T o Tax xyt + Az

au_au dv +6 k=4 434
ay oy ta Ty x4 34ytsf

ou _ou, O W a3+ 3422k
9z " 92 T3 T oz yJ+34z°x

13
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From the local coordinate derivatives of the displacement field the derivative
tensor can be established.

rdu  du  Juj

ax dy 0z

v 027/ P 34x%y  Ax3 0 3x%y  x8 0
U=\ ¥y az|” 0 34y%?z  Ay® |=A-| 0 3y?z 3

ow ow ow Az3 0 3Az%x z3 0 3z%x

After substituting the rp, space vector coordinates the derivative tensor of solid
body point P can be determined.

_aup aup aup_
ox dy 0z 2 3
avp avp avp 3xPyP xzp 03
Up =A- 3ypzp Yp
dx dy 0z 3 )
aWp aWp aWp Zp 0 3prp
[ O0x dy 0z |
-36 8 0
=10 27 =27|-107*
1 0 6

Using the decomposition of the derivative tensor, the strain tensor of body point P
can be calculated.

1 1 3x%2y  x3 0 3x2y 0 z3
A=§(U+UT)=§ A- 0 3yZZ y3 +A- x3 3y2Z 0 —
z3 0 3z%x [ 0 y*  3z%x
3x%y 0.5x3 0.5z3]
=A-10.5x3 3y?z 0.5y3
0.5z3 0.5y3 3z%x|
3xpyp 0.5x3 05z3] r-36 4 0.5
Ap=A-[05x3 3ypzp 05y3|=| 4 27 —13.5[-107*
0.5z3 0.5y 3zixp 05 —135 6

Using the decomposition of the derivative tensor, the rotation tensor of body point
P can be calculated.

1 1 3x%2y 3 0 3x2y 0 z3
(}’:E(U_UT)=E A- 0 3y2Z y3 —A-| x3 3yZZ 0 —
z3 0 3z%x 0 y® 3z

14
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0 0.5x3 —0.5z3
=A-|-0.5x3 0 0. 5y3
0.5z3 —0.5y3

Y,=A-(-05 x3 0. SyP [ —13.5] 1073
0.5z3 —O. sy,, 0.5 13 5 0

b, After substitution the displacement vector of body point P can be determined.
up =107*-23-(-3)i+107*- (-3)3-1j+ 107*- 13- 2k
up = —0.0024i — 0.0027j + 0.0002k (mm)

After substitution the displacement vector of body point Q can be determined. This
will be the exact solution of the displacement vector at point Q.

uy=10"*-23-(-2)i+107*- (-2)3-1j+107*- 13- 2k
u, = —0.0016i — 0.0008j + 0.0002k (mm) = Ugexqct
While
ro=7rp+j=2i—2j+k(mm)
the relative space vector is
Ar=ry—1p=j

The approximate solution of the displacement vector at point Q can be determined
using Equation 1.8 and Equation 1.9.

—0.0024 -36 8 0 0
Ugapproximate = Up + Up - Ar = |—0.0027 [ + 107*- 0 27 =271
0.0002 6 0
—0.0024 0.0008 —0. 0016
Woapproximate = |—0.0027 0. 0027 (mm)
0.0002 0. 0002
The relative displacement vector can be calculated.
0
Aug = Ugexact — Ugapproximate = [_0-0008] (mm)
0

Example 4

The displacement field of a solid body is known. The space vector of a body point P
is also known.

15
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Data:
u(x,y, z) = Ay?i + Az?*j + Ax*k
A=10"3mm™?
rp = —10i + 8j + 6k (mm)
ro =7p+ k= -10i + 8j + 7k (mm)
Questions:

a, Calculate the derivative tensor, the strain tensor and the rotation tensor!

b, Calculate the deviation between the exact and the appropriate value of the
displacement vector considering r,.

Solution:

a, To determine the derivative tensor the local coordinate derivatives of the
displacement field have to be calculated.

6u_6u_+6v,+awk_2Ak
ax_axl ax] ox x

6u_6u_+6v_+awk_2A,
gy ay oyl "oy T o

Ju Jdu_. Jdv, Jdw

£=a—zl+5]+5k=21‘12]

From the local coordinate derivatives of the displacement field the derivative
tensor can be established.

rdu  Odu oOuf
dx 0dy 0z

U=a@a—z=0 0 24z|=A-10 0 2z
ow dw dw 2Ax 0 0 2x 0 O
[dx dy 0zl

After substituting the rp space vector coordinates the derivative tensor of solid
body point P can be determined.

16
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rdup Odup Oup
dx Jdy 0z
dvp Ovp Ovp 0 2yp O 0 16 0 B
Up = 5 5 5 =A-10 0 2zp|l=|0 0 12f-1073
x oy z 2xp 0 0 -20 0 0
aWp aWp aWp
L d0x Jdy 0z

Using the decomposition of the derivative tensor, the strain tensor of body point P
can be calculated.

1 1 0 2y 0 0 0 2x
A=-W+UN=—(4-|0 0 2z[+4-2y 0 0]]=
2x 0 0 0 2z 0

0 v x
=A'ly 0 Z‘
lx z O

Ap=A-lyp 0 2z|=[8 0 6

xp zp 0] -10 6 O

0 Yp Xp] 0 8 -—-10
-1073

Using the decomposition of the derivative tensor, the rotation tensor of body point

P can be calculated.
1 1 0 2y O 0 0 2x
Y=-(W-U)=2(4-10 0 2z|-A-2zy 0 0f]=

2x 0 0 0 2z 0
0 y —x
=A-|[-y 0 =z ]
x —z 0
0 Yp  —Xp 0 8 —10
Ypo=A-|—yp 0 Zp |=[-8 O 6 |-1073
xp —Zp 0 10 _6 0

b, After substitution the displacement vector of body point P can be determined.
up =1073-8%i+ 1073 6%j + 1073 - (—10)2k
up = 0.064i + 0.036j — 0.1k (mm)

After substitution the displacement vector of body point Q can be determined. This
will be the exact solution of the displacement vector at point Q.

uy =1073-8%i+1073- 7% + 1073 - (—-10)%k
g = 0.064i + 0.049j — 0.1k (mm) = Ugexace

17
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While
ro =1p+k=-10i+ 8j + 7k (mm)
the relative space vector is
Ar=ry—rp=k

The approximate solution of the displacement vector at point Q can be determined

using Equation 1.8 and Equation 1.9.
0 16 O 0
+1073- 0 0 12f-|0

0 o0 1

0.064
Ugapproximate = Up + Up-Ar = |0. 036

0.064
0. 036

uQapproximate -

0.064
0. 012 0. 048 (mm)
The relative displacement vector can be calculated.

0

Augy = Ugexact — Ugapproximate = [0-0001‘ (mm)
0

18
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2.1. Theoretical background of the strain state of solid bodies

2. STRAIN STATE OF SOLID BODIES

Strain tensor (state of strain)

The strain tensor represents the pure deformation of the element. Let’s investigate
the symmetric part of the derivative tensor of the displacement.

u 1 (au 4 0v> 1 (au 4 6W>'
dx 2\dy 0dx/ 2\dz Ox
A—l(U+UT)— 1(6v+8u) dv 1<6v+6w> _
T2 “12\9x  ay dy 2\az  ay/|
1 (aw N 6u> 1 (aw 6v> ow
[2\0x 0dz/ 2\dy o0z 0z 2.1)
1 1
|[ Ex 2 yxy 2 sz—l
A 1|
_lzyyx &y Eyyzl_A ’
[1 1 |
lzyzx Eyzy &y J

where &, &y and ¢, are the normal strains in the x, y and z directions, respectively,
and € K 1, Yxy = Vyx, Vyz = Vzy and ¥, = Yy, are the so called shear angles and
y < 1 considering small deformations. The normal strain has no unit, while the
shear angle’s unit is radian. If the € > 0 the unit length elongates, if the € < 0 the
unit length shortens. If the y > 0 the original 90° decreases, if the y < 0 the
original 90° increases. The deformation of an elementary point is demonstrated in
Figure 2.4. We can also introduce the strain vectors a,, @, and a, for the strain

description,
1 1
|[ Ex nyy nyz-l
1 1
A= Izyyx &y Eyyzl = [ax @y (ZZ] (2-2)

1 1

Eyzx Eyzy &z
SO

19
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1 1
@y = S Veyl + &y + 2 Vayko (2.3)

1.1
a; = nyzl + Eyyz] + &,k.

1 1
Ay = &l +Eyyx] + Eyzxk'

The strain tensor can be written in dyadic form using strain vectors

A=aycit+a,coj+a,ok. (2.4)

Y

x 90°- Yy Y

Figure 2.1. Deformation of an elementary point

In Figure 2.1 for the geometrical illustration of the strain state of a body point P
we have to order a so called small cube denoted by the i, j and k unit vectors in the
very small domain of P with end points A4, B and C.

2.2. Examples for the investigations of the strain state of solid bodies
Example 1

Determination of strain measures of solid body at a given body point! The strain
state of the body point P of a solid body is given with the so called elementary
cube.

20
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The task is to determine different strain measures from the given data!
Questions:
a, Establish the A strain tensor of body point P!

b, Determine the a,, a, and a, strain vectors which belong to the directions i, j
and k!

¢, Determine the following strain measures: €, normal strain, y,, and ,y,, shear
angles!

Solution:

a, From the elementary cube the strain measures (normal strains, shear angles)
can be read.

The strain tensor in general and after substitution:

1 1
Ex _ny 5 Vxz
. -2 -3 0]
AP = E]/yx Sy E]/yz =1-3 0 4 -10™
1 1 0 4 5
lzyzx E‘yzy &z J

b, The diadic form of the strain tensor:
Ap=ayoitay,ejta,ok
so the strain vector in the x,y and z directions, respectively:

1 1 _
oy = [gx 7 Vyx Eyzx] =[-2 -3 0]-10™*

1 1 _
oy = [_ny Ey _sz] =[-3 0 4]-107*
2 2
1 1 _
a; = [nyz Eyyz Sz] =[0 4 5]-10 *

21
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¢, The different strain measures can be read out of the strain tensor!
The normal strain:

& =—2-10"%
The shear angles:

Yez =0

o

180
Vyz =8-10"*rad = 8-107* = 0.04584°

Example 2
Calculations with strain measures! The strain measures of a body point P is given
and the n and m unit vectors as well.
Data:
g =—10-107%, =8"1075,6, =51075, ¥y, = Vxy = 0,y, = =5-107°
n=-0.6i+ 0.8k, m=0.8i+ 0.6k
Questions:
a, Establish the Ap strain tensor of body point P!
b, Determine the &, normal strain in direction n! Determine the y,,,, shear angle!
¢, Determine the &, normal strain in direction m! Determine the y,,,,, shear angle!
d, Determine the y,, shear angle!
Solution:

a, The strain tensor in general and after substitution:

[ 1 1
| Ex nyy E‘szl

— — -5
Ap = |5V & V| [ 0 8 —2.5] 10
1 1 0 =25 2
Eyzx Eyzy &z
b,
—-0.6
gp=m-Apmn=o, n=[6 -2 1.6][ 0 ]10‘5=—2.32-10‘5
0.8
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-10 0 0 1[-0.6 6
a,=Ap-n=10"5| 0 8 —25(| 0 |=]|-2[10"°
-25 2 llos 1.6

0

0.8
Yon=2-m-Ap n=2-0a, m=2-[6 -2 1.6][0 ]10-5=11.52-1o-5
0.6

c,
0.8
Em=m-Ap-m=a, -m=[-8 -15 12]|0 [107°=-568-10"°
0.6
-10 0 0 1[0.8 -8
am:AP-m=10—5[ 0 8 —2.5”0]=[—1.5] 1075
0 -25 2 1loe 1.2
—-0.6
Yom=2n-Ap-m=2-a, n=2-[-8 —15 1.2]| 0 [1075
0.8
=11.52-107° =y,
d,
0
Yym=2J A, m=2-a, j=2-[-8 —-15 12]|1/107°>=-1.5-107°
0
Example 3

Calculations with strain measures!

The strain measures of a body point P is given and the n and m unit vectors as
well.

Data:
g =51073,6,=4"1073¢6,=10-1073,y,, = —10-1073%,y,, =¥,, =0
n = 0.8i+ 0.6k, m = —0.6i + 0.8k
Questions:
a, Establish the Ap strain tensor of body point P!
b, Determine the &, normal strain in direction n! Determine the y,,,, shear angle!
¢, Determine the €, normal strain in direction m! Determine the y,,,,, shear angle!

d, Determine the y;,, shear angle!
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Solution:

a, The strain tensor in general and after substitution:

[ 1 1
|5x Eny nyzl
_| (O U I ]
Ap—|§yyx &y Eyyzl_ 0 4 0]10
1 1 -5 0 10

E Yzx E Yzy &z

ep=M-Aprn=oa,'n

The a, strain vector can be calculated.

ey § el

With the usage of a,, strain vector the &, normal strain and the y,,, shear angle
can be calculated.

0.8
g,=a, n=[1 0 2][0]-10‘3=(0.8+1.2)-10‘3=2-10‘3
0.6
Ymn =20, -m=2-[1 0 2[ ] 103 =(-12+32)-103=2-10"3

C

The a,, strain vector can be calculated.

wmsenefi 3 e[

With the usage of a,, strain vector the &, normal strain and the y,,,, shear angle
can be calculated.

Em =0y -m=[-7 0 11[ ] 1073 = (4.2 +8.8)-1073 = 13-1073

Yam =2 0p-n=2-[=7 0 11[ ] 1073 = (=11.2 + 13.2) - 1073

=2-1073
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0
Yy =20, j=2-[1 0 2]H-10-3=0
0

Example 4

The ay, ay, and a, strain vectors are given of a solid body point P in the x,y and z

directions, respectively. The unit vectors m and n denote two directions and are
perpendicular to each other.

Data:
a, = (3i—4k)-107*
o, = (—2j+5k)-107*
a, = (—4i+5j+k)-107*
m = —0.8j — 0.6k,n = 0.6j — 0.8k
Questions:

a, Using the strain vectors establish the Ap strain tensor!

b, Determine the a, strain vector in n direction and the &, normal strain and the
Ymn Shear angle!

¢, Determine the a, strain vector in m direction and the ¢, normal strain and the
Ynm Shear angle!

d, Determine the y;,,, and yy,, shear angles on the given planes!
Solution:

a, The strain tensor in general and after substitution:

1 1
Ex _ny 5 Vxz
. 3 0 -4
AP = E]/yx Sy E]/yz = 0 -2 5 10_4
1 1 -4 5 1
lzyzx Eyzy SZJ

g,=mAprn=a,'n

The a,, strain vector can be calculated.

3 0 —41[ 0
«,=Ap-n=|0 -2 5]||06]|10*=

-4 5 111-0.8
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3:0+0-0.6+ (—4) - (—0.8)
=[0-0+(-2)-0.6+5-(—0.8)]- 104—[ ]104
(-4)-0+5-0.6+1-(—0.8)

With the usage of a,, strain vector the &, normal strain and the y,,,, shear angle
can be calculated.

n =0, nm=[32 =52 22[ ] 1074 =
=[32:0+(-52)-06+22-(—0.8)]-107* = —4.88-107*
Ymn = 20, -m =2-[3.2 —5.2 22[ ‘ 10~%

[6.4-0+ (—10.4) - (—0.8) + 4.4+ (—0.6)]-10°*=5.68-10"*
C
The a,,, strain vector can be calculated.
3 0 -4 0
m=Ap-m=|[0 -2 5 08 -107% =
-4 5

3:0+0-(—0.8) + (—4) - (—0.6)
=10-0+(=2)-(~0.8) +5- (—0.6)| - 10~* [ ] 1074
(=4)-0+5-(—0.8) + 1-(—0.6)

With the usage of a,, strain vector the ¢, normal strain and the y,,,, shear angle
can be calculated.

Em =0y M =[24 —14 —46[ ] 104
= [24-0+ (—1.4) - (—0.8) + (—4.6) - (—0.6)] - 10™* = 3.88- 10~*
Yam =2 0y n=2-[24 —14 —46! ] 10~*

=[48-0+ (—-2.8)- 0.6+ (—9.2)- (—0.8)] - 10~* = 5.68 - 10~*

1
Ymx =2 Q- i=2-[24 —14 —46] H 1074 =4.8-10"*
0

or
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0
Yom =20, m=2-[3 0 —4][—0.8]-10‘4=4.8-10‘4
-0.6
0
Yey =20 j=2-[3 0 —4]|1[-107*=0
0

Example 5

At point P the strain vectors are given in the reference xyz coordinate system. The
unit vectors n and m are also known.

Data:
o101 . 4
o, = &+ Eyyx] + Eszk = (2i —4j)- 10
1 .1 A 4
Ay =¥yl +é&j+ Eyzyk = (—4i+5j+3k)-10
1 .1 , 4
a, = nyzl + E‘Vyz] + &,k =(3j)-10
n = —0.8i + 0.6j, m = 0.6i + 0.8j
Questions:

a, Determine the strain tensor at body point P!
b, Determine the a,, strain vector, the &, normal strain and the y,,,, shear angle!
Solution:

The strain tensor in general can be written with the following form:

1 1
Ex E ny E Vxz
1 1

1 1
lz Vzx Eyzy &z J

Substituting the strain components from the strain vectors the strain tensor of
body point P can be determined.

2 -4 0

-4 5 3[-107*

0 3 0

Ap=

The strain vector can be determined.
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2 —4 01[-0.8 —4
anzA-n=[—4 5 3”0.6]-10‘4=[6.2]-10‘4
o 3 ollo 1.8
= (—4i + 6.2j + 1.8k) - 10~*

With the usage of a,, strain vector the &, normal strain and the y,,, shear angle
can be calculated.

-0.8
gn=a, n=[-4 62 18] [ 0.6 ] 10™* = (32+43.72) - 107* = 6.92-107*
0

0.6
0.8] -107% =
0
=2(-24+496)-107*=5.16-10"*

Ymn =20, - m=2-[—-4 62 18]

Example 6

At body point P in the coordinate system xyz the strain measures of an elastic solid
body is known. The unit vector n is also known.

Data:
& =51073, Y=V =0
gy =4-1073, ¥, =¥, =0
&, =107% Yz =Yy, =—107
n = 0.8i+ 0.6k
Question:

Determine the strain state represented with the strain tensor of the body point P!
Calculate the &, normal strain and the y,,,, shear angle!

Solution:

The strain tensor in general can be written with the following form, then
substituting the given strain measures we get
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1Y 1Y
Ex E Xy E Xz
7 oy 5 0 -5
A== yx ¢ — yz|=|0 4 o0f-1073
iy 1yy 2 -5 0 10
—E zX E zy &y |

The normal strain can be calculated using the strain tensor at body point P.

5o sl

=[(3.2-24)+(-24+3.6)]-103=2-1073

gn=n-A-n=[08 0 0.6]

The shear angle can be calculated using the strain tensor at body point P.

0
Zn=2j-An=[0 2 0[ ” ]103—0
5 0 10
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3.1. Theoretical background of the stress state of solid bodies

3. STRESS STATE OF SOLID BODIES

Stress tensor (state of stress)

Consider a general deformable body loaded by an equilibrium force system, see in
Figure 1.1. Let’s pass through this body by a hypothetical plane and neglect one
part of the body. Both the remaining part and the neglected part of the body have
to be in equilibrium. There is acting force system distributed along the plane
which effects this equilibrium. Furthermore, this distributed force system must be
equivalent to the force system acting on the neglected part of the body. Note that
the interface is common and equal where the so called split is applied, see in
Figure 3.1. The intensity vector of this distributed force system is called stress
vector @. The unit vector of the cross section is n. We can state that we know the
state of stresses with respect to the point of interest, if we know the stress vector
at any cross section. Note, if the body is cut by another arbitrary hypothetical
plane going through the body, it will result in another distributed force system
having the same properties discussed above.

The Newton'’s third law of action and reaction is satisfied and can be expressed by

o(-n) = —e(n). (3.1)

Figure 3.1. Introduction of the stress vector

The normal component is called normal stress a,,, the component which is lying on
the cross section is called shear stress 7. We can demonstrate the stress vectors
belonging to the Cartesian coordinate system, thus we get the components of o,,

@, and @,

Qx = Oxli+ TyyJ + Tyxk,
@y = Txyi + Gyj + szk: (3.2)
0z = Txzl + Ty ) + 0,k
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The first index in the case of shear stresses denotes the normal axis to the cross
section, while the second one denotes the direction of the component. The normal
components have only one subscript.

These components can be collected into a special tensor called stress tensor T,
Ox Txy Txz
T=|Tyx Oy Tyz[=[0x @y @] =TT. (3.3)
Tzx Tzy Oz

The stress tensor is symmetrical, that means the shear stresses at a point with
reversed subscripts must be equal to each other, Ty, = Ty, Ty, = 75, and 7,, =

Tyze

The stress tensor can be written in dyadic form using the stress vector
T=0yxcitoyejteo,°k (3.4)

Considering the Cauchy’s theorem, the Cauchy stress vector can be determined

¢n =Tn. (3.5)
The generally used unit of the stress is ml:;z = MPa.

3.2. Examples for the investigations of the stress state of solid bodies
Example 1

Determination of stress measures of solid body at a given body point!

The stress tensor of the body point P of a solid body is given!.

Data:
50 =30 O
Tp=|-30 0 20|MPa
0 20 70
Questions:

a, Determine the stress vectors in x, y and z directions!
b, Show the stress state on the so called elementary cube!
Solution:

a, The diadic form of the stress tensor is the following:
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Tp =pyxecitpycj+tp,ok
so the stress vector in the x,y and z directions, respectively:
Py = Oyl + Tyyj + T,k = (500 — 30j)MPa
Py = Tyyl + 0yj + 1,k = (—30i + 20k)MPa
P; =Tyl +7y,) + T,k = (20j + 70k)MPa

b, The stress state of the body point P on the elementary cube:

Example 2

Calculation of stress measures!

The p,, p, and p, stress vectors which belong to the directions i, j and k of a body
point P and the n and m unit vectors are given.

Data:
px = (60i + 90k)MPa,p,, = (—30V5k)MPa,p, = (90i — 30V5j + 50k)MPa
V5, 2 2. <5

n=?l+§],m=—§l+?]

Questions:

a, Establish the Tp strain tensor of body point P!

b, Determine the 0, normal strain in direction n! Determine the 7,,, shear angle!
¢, Determine the 0, normal strain in direction m! Determine the 7,,, shear angle!
d, Determine the 7, shear angle!

Solution:

a, The stress tensor in general and after substitution:
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Ox Txy Txz 60 0 90
Tp=|Tyx Oy Tyz]=[0 0 —30V5|MPa
Tzx Tzy Oz 90 _30\/§ 50
b,
V5/3 100
gp=m-Tp n=py-n=[205 0 10V5] 2/3 MPa = —=MPa
60 \/—/3 205
po=Tp n=|0 0 —30\/_ MPa=| o |MPa
90 —30V5 10V5
—2/3 405
Tmn =m-Tp-m=py-m=[20V5 0 10V5]|V5/3|MPa=———MPa
0
G
-2/3 0
Om=m-Tp - m=p, -m=[-40 0 -110]|5,3 MPa = —MPa
0
60 0 90 7[-2/3] —40
pm=Tp - m=]0 0 —30V5(|\/5/3|MPa=| 0 [MPa
90 -30v5 50 1] o0 | -110
V5/3 405
Tim=n-"Tp-m=p,-n=[-40 0 -110] 2/3 MPa = — 3 MPa = Ty
0
d,
0
m=k-Ty-n=p, k=[20y5 0 10v5]|0|MPa =10V5MPa
1
Example 3

At point P the stress vectors are given in the reference xyz coordinate system. The
unit vectors n and m are also known.

Data:
Oy = Ol + Tyxj + 7,k = (20i — 40j)MPa
0y = Txyi + ayj + szk = (—40i + 50j + 30k)MPa

33



SZECHENYI @

0; =Tyl +7Ty,j+ o,k = (30j)MPa
n = —0.8i + 0.6j, m = 0.6i + 0.8j
Questions:
a, Determine the stress tensor at body point P!
b, Determine the p,, stress vector, the ¢,, normal stress and the 1,,,,, shear stress!
Solution:

The stress tensor in general can be written with the following form:

Ox Txy Txz
Tyx Oy Tyz|=[Qx @y @]
Tzx Tzy Oz

T =

Substituting the stress components from the stress vectors the stress tensor of
body point P can be determined.

20 —40 O
Tp=|-40 50 30(MPa
L 0 30 O

The Cauchy stress vector can be determined.

20 —-40 017[1-0.8 —40

0, =T-n=|-40 50 30| 06 [=]| 62

0 30 o01L O 18

With the usage of g,, stress vector the g,, normal stress and the 7,,, shear stress
can be calculated.

MPa = (—40i + 62j + 18k)MPa

-0.8
0, =0p - n=[-40 62 18] [ 0.6 ] =32+37.2=69.2MPa
0

0.6
Tmn = @ M =[—-40 62 18] [0.8] = —24+49.6 = 25.6MPa
0

Example 4

The @, 0, and @, stress vectors are given of a solid body point P in the x,y and z
directions, respectively. The unit vectors m and n denote two directions and are
perpendicular to each other.

Data:
0, = (3i —4k)MPa
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@y = (—2j + 5k)MPa
0, = (—4i+5j+ k)MPa
m = —0.8j — 0.6k,n = 0.6j — 0.8k
Questions:
a, Using the stress vectors establish the Tp strain tensor!

b, Determine the g,, stress vector in n direction and the o,, normal stress and the
Tmn Shear stress!

¢, Determine the a,, stress vector in m direction and the o, normal stress and the
Tnm Shear stress!

d, Determine the 7,,, and 7,,, shear stresses on the given planes!
Solution:

a, The stress tensor in general and after substitution:

Ox  Txy Txz 3 0 -4
Tp =|Tyx Oy Tyz] = [ 0 -2 5 |MPa
Tzx Tzy O —4 5 1

op,=n"Tp-n=9,'n

The g,, stress vector can be calculated.
3 0 -4 0
0,=Tp'n=|0 -2 5|[06]|=
-4 5 111-08

3-0+0-0.6+ (—4) - (—0.8) 3.2
=[0-0+(-2)-0.6+5-(-0.8)| = [—5.2] MPa
(-4)-0+5-0.6+1-(—0.8) 2.2

With the usage of g,, strain vector the o,, normal stress and the 7,,,, shear stress
can be calculated.

-0.8

0
0, =0n n=[32 =52 22] [ 0.6 ] =
=[3.2-0+ (=52)-0.6 + 2.2 (—0.8)] = —4.88MPa

0
Tmn = @n-m=[32 —-52 22] [—0.8] =
-0.6
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[3.2:0+ (—5.2)-(—0.8) + 2.2- (—0.6)] = 2.84MPa
¢
The o,,, stress vector can be calculated.
3 0 —-411 0
0 -2 5 [ 0. 8] =
-4 5 11
3:0+0-(—0.8)+ (—4) - (—0.6)]
[ ]MPa

Om =Tp-m=

=[0-0+(=2)-(-0.8) + 5 (=0.6)| =
(—4)0+5-(—0.8) + 1 (=0.6)|

With the usage of g,,, stress vector the o, normal stress and the t,,,,, shear stress
can be calculated.

0
m=0m "Mm=1[24 —14 —4.6] [—0,8] =
—0.6
=[24-0+ (~1.4) - (—0.8) + (—4.6) - (—0.6)] = 3.88MPa

Tym =0m ' MN=1[24 —-14 —46[ ‘

=[24-0+ (—1.4)- 0.6 + (—4.6) - (—0.8)] = 2.84MPa

d,

1
Tmx =0mi=[24 —-14 —4.6]|0|=2.4MPa

0

or

Tem =0, Mm=[3 0 —4] [—0.8‘ = 2.4MPa
0
=0y j=[3 0 —4]f1[{=0

0

Example 5

The stress vector of a body point P is known.

Data:
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N
. = (581i — 100j — = (581i — 100j + 200k)MPa

V2 V2 V2. N2
n=0.5i+0.5j+—k, m=-05i-05j+—k, Il=—i——j
2 2 2 2
Question:
Determine the components of the stress vector!
Solution:

The stress vector can be written in general form as follows:
Qn =0p N+ Ty
where g, is the stress vector, g, is the normal stress and t,, is the shear stress
vector.
The unit vectors can be written in matrix form as follows:

—05 [ V2

l ‘ —05 | 2
n= NG l= V2
7 "2

0

It is also important to control if the given vectors are unit vectors or not.

)

2

V2
In| = 4/0.52 + 0.52 + <7> =Lm|l=1 |l =1

[t can be stated that the given n, m and I vectors are unit vectors.
The shear stress vector can be written with its components.
Ty = Ty M+ Ty - 1
The normal stress vector has only one component.
o,=0,'MN

The normal stress component can be calculated.

0.5

0.5
o, =0, n=[581 —100 200] Nelle 290.5—50 + 141.42 = 381.92 MPa
The shear stress components can be calculated.

-0.5
-0.5
Tmn = @ M =[581 —100 200] l NG} ‘ = —290.5+50 + 141.2 = —99.08MP
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T;n =0, 1=[581 —100 200] = 410.82 + 70.71 = 481.53 MPa

Example 6

The stress tensor of a solid body point P is known. The unit vector n is also known.

Data:
400 —-500 0
T, =|-500 0 500 |MPa
0 500 -=500
n = 0.8j + 0.6k
Questions:

a, Determine the o,, 0y and g, stress vectors related to i, j and k directions,
respectively!

b, Determine the g, stress vector, the g, normal stress and the t, shear
stress!

Solution:

The stress tensor in general form can be written with its stress components.

=|Tyx Oy Tyz =[Qx Oy Qz]

Ox  Txy sz]
Tx Tzy O

The @y, 0, and @, stress vectors related to i, j and k directions can be written
using the stress tensor.

Qx = Oxl + Tyyj + T,k = (400i + 500j)MPa
0y = Txyl + 0, j + 75,k = (—500i + 500k)MPa
Qz = Txzl + 7y,j + 0,k = (500 — 500k)MPa
b, The stress vector can be calculated using the stress tensor as follows:

400 —500 400
0, =T n=|[-500 500” ] [300

0 500 —500 100

The stress vector in vector form

MPa

38



SZECHENYI @

n = (—400i + 300j + 100k)MPa
The components of the stress vector can be determined as follows:
[ 0
op,=n-T-n=9,-n=[-400 300 100] 18 = 300 MPa

—400 400
O0n =0, N+7T,>T,=0,— 0, -n=| 300 240

100 1180

MPa

Example 7

The stress tensor in a given point is known. The n and m unit vectors are also
known!

Data:
80 0 0
T=1]0 40 —-32| MPa
0 -32 -80
— 4j- k) — (- 4
n=— —k), m=—— (-
viz 7 Ji7
Questions:

a, Establish the stress tensor in diadic form!

b, Calculate the o0, and o, normal stresses on the planes given with its normal
unit vectors n and m!

Solution:
a, The stress tensor in diadic form is the following
T=gxoiteycjte,°k
After substitution we get
T =80ici+ (40j —32k)oj+ (—32j—80k) o k

b, The normal stresses can be calculated as follows:

[ 0

4

4 1 1[80 |\/—_|
an:Qn-n:n-T-n=[0 — ——][0 40 —32] 17 | =
Vi7 V17l 3 —BO[LJ

V17
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_(640 128) (128 80

17 717 17 _ﬁ):48MPa

1 80 0 0
Ungn-m:m-T-mz[O — —] 0 40 -—-32
V17 V17119 _32 _80

§||~l>§||r—\o
~ ~N

|

- — —88MP
17 @

17 17

17 17

|
(40 128) (_ 128 1280)__1496

Example 8

The stress state of an elastic body in body point P is known with stress tensor. The
l, m and n unit vectors are also known and they are perpendicular to each other.

Data:
50 20 —40
T,=|20 80 30|MPa
—40 30 —20
2,201 212 1202
T3lT3) Ty mETSlTR) Tl =Sl Ta) Ty
Il]=m|=n|=1, ' m=m-n=n-1=0
Questions:

a, Determine the @y, @, and @, stress vectors!

b, Determine the g@,, stress vector, the 0,, normal stress and the 7,,,, and 7;,
shear stresses!

Solution:

a, The stress tensor in general form is

so the stress vector in x,y and z directions can be calculated.
0, = (50i + 20j — 40k)MPa
@, = (20i + 80j — 30k)MPa
0, = (—40i + 30j — 20k)MPa
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b, The g, stress vector can be also calculated using the stress tensor and the
related unit vector.

1 10
50 20 -—40 g [?]
0, =Tp-n=[20 80 30[:|=|=| 80 |MPa
—40 30 —20] 3 | 20|
s
3
The components of the g,, stress vector can be determined.
.1.
3
10 201 |2
opn=0p,=n"Tp-n=9g, n=|— 80 ——|'j=1=50MPa
n n P On 3 3 3
2
3]
2_
3
10 20 1 100
=m-To n=0."-Mm=|— ——||—=|=——— MP
T"mm”"gnm[3 80 —="|73 3 e
2
[ 3
r 2
3 160
10 20 2
Tn=U0Tp-n= -l=[— 80 ——|'|—=|=——5 MPa
In P On 3 3 3 3
1
[ 3 ]

Example 9

The @,, stress vector and the n unit vectors are known of an elastic solid body.
Data:
0, = (—400i + 300j + 200k) MPa, n = 0.8i+ 0.6k,
Question:
Determine the 0,, normal stress and the t,, shear stress vector!
Solution:

The normal stress is
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0.8
0, =0, n=[-400 300 200]- [ 0 ] = —200 MPa
0.6

The shear stress vector is
T, = 0p — 0, ' N = (—400i + 300j + 200k) — (—200) - (0.8i + 0.6k) =
= (—240i + 300j + 320k) MPa
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4.1. Theoretical background of the constitutive equation of the linear
elasticity

4. CONSTITUTIVE EQUATION

Constitutive equations

Now let’s investigate the material response. Relations characterizing the physical
properties of materials are called constitutive equations. Wide variety of materials
is used, so the development of constitutive equations is one of the most researched
fields in mechanics. The constitutive laws are developed through empirical
relations based on experiments. The mechanical behaviour of solid materials is
defined by stress-strain relations. The relations express the stress as a function of
the strain. In this case the elastic solid material model is chosen. This model
describes a deformable solid continuum that recovers its original shape when the
loadings causing the deformation are removed. Furthermore we investigate only
the constitutive law which is linear leading to a linear elastic solid. Many structural
materials including metals, plastics, wood, concrete exhibit linear elastic behavior
under small deformations. The stress-strain relation of a linear elastic material can
be seen in Figure 4.1.

£
Figure 4.1. Linear elastic material model

The well known Hooke’s law is valid for linear elastic material description. In the
case of single axis stress state the simplified Hooke’s law is

o = Eg, (4.1)

where E is the Young’s modulus, which is a real material constants. In the case of
torsion the simplified Hooke’s law is

T =Gy, (4.2)
where G is the shear modulus. Considering linear elastic material

E=2G(1+v) (4.3)
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is valid, where v is the Poisson ratio which describes the relationship between
elongation and contraction.

In general case the Hooke’s law can be expressed as tensor equations which is
valid for arbitrary coordinate systems,

T=26(A+ - _VZVA,I), (4.4)
or
A= %(T o T1), (4.5)

where 4; is the first scalar invariant of the strain tensor,
Aj=¢ete te, =6 +t6 + e (4.6)

The Equation 4.4. can be written in scalar notation and we get

v
oy = 2G [Sx +m(€x + &y + Ez)];
v
Oy = 2G [Sy +m(£‘x +€y + Ez)]:
o, =2G [ez + 1_1/—21/ (ex +& + ez)], (4.7)
Tyy = nyy,
Tyz = nyz:
zx = GVzx-

The Equation 4.5. can be written in scalar notation and we get

1
sx=i0x T+v (0x+0y+az),
1 v
sy=%_ay—1+ (0x+0y+az),
1 _
szzﬁ_az T+v (0x+ay+az) , (4.8)
Tyy
Yo =g
T
sz
sz_?
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For isotropic linear elastic material these relations can be described in matrix

form,
Oy 1—-v v v 0 0 0 réx
|[0y]| |r v 1—v v 0 0 0]||[5y]|
o, | _ E | v v 1-v 0 0 0|l (4.9)
Ty |~ L+ v)(1—21)] 0 0 0 1-2v 0 0 vyl :
Tyz lO 0 0 0 1-2v 0 ”szl
Tzx l 0 0 0 0 0 1-— 2VJ l]/sz
or
1 v v
E E g 9 0 0
v 1 v
- = ——= 0 0 0
Ex E E E [O'X'l
I[Sy]l Ly v I 9 o ofl%
&\1_| E E E Oz
YVay| ™ 1 0 0 |Txy|' (4.10)
lyyzj 0 0 0 G ‘L'yZJ
Yzx 1 Tzx
0 0 0 o — 0
G
1
0 0 0 o 0 il
G

4.2. Examples for the investigations of the Hooke's law
Example 1

The usage of the general Hooke's for the determination of the stress tensor!

The strain state of a body point P is given. With the usage of the general Hooke's
law determine the stress tensor of body point P.

Data:
a,=[4 3 0]-10%a,=[3 -2 -3]-10%,a,=[0 -3 7]-107°
v=03; E=21-10°MPa
Solution:

The form of the general Hooke's law:

T, =26 (4p + oA 1),

where
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E
E=2G(1+v)=>26=——=1.6-10°MPa
1+v

The strain tensor can be determined from the strain vectors.

4 3 0
3 —2 -=3(10°°

0 -3 7

AP=

The first scalar invariant of the strain tensor can be calculated from the strain
tensor.

Aj=e+e+e=9-10"°

The unit tensor is

1 00
I=]0 1 0
0 0 1
The stress tensor can be determined as follows:
4 3 0 03 1 0 0
Tp =1.6-10°MPa( |3 -2 -3 10—5+m-9-10—50 1 0||=
0 -3 7 B ' 0 0 1
4 3 0 6.75 0 0 ]
=1.6-10°MPa(|3 -2 -=-3|10°>4+| 0 675 0 |107°|=
0 -3 7 0 0 6.75]

10.75 3 0 172 4.8 0
=1.6-10°MPa| 3 475 =3 [107°=]48 7.6 —4.8|[MPa
0 -3 13.75 0 —-48 22

Example 2

The usage of the general Hooke's for the determination of the strain tensor!

The g4, @, and @, stress vectors which belong to the directions i, j and k of a body

point P are given. With the usage of the general Hooke's law determine the strain
tensor of body point P.

Data:
0 =[20 30 —30]MPa
0, =[30 —40 O0]MPa
0,=[-30 0 -80]MPa
v=03; E=21-10°MPa
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Solution:

The form of the general Hooke's law:
1 v
Ap =ﬁ(TP T-1),
where
E
E=26(1+v)—>26=——=1.6-10°MPa
1+v
The stress tensor can be determined from the strain vectors.

20 30 -30
30 —-40 0 |MPa
-30 0 -—-80

The first scalar invariant of the stress tensor can be calculated from the stress
tensor.

Tp:

T} = oy + 0y + 0, = =100MPa

1 0 O
I=]10 1 O
0 0 1
The strain tensor can be determined as follows:
1 <[ 20 30 -30 0 0
Ap=——-—|[30 —-40 0O (=100)|0 1 0>=
L6-10°\] 390 o —g0 00 1
1 ([ 20 30 —30] [—23.08 0 0 ]
=—— (| 30 —40 0 |- 0 —23.08 0 =
.105
1.6-10 -30 0 —-80 0 0 —23.08

) [43.08 30 ~30 ]
—— |30 -6308 0 |MPa=
. 5
L6-10°MPa| 55 o _103.08

2688 18.75 —18.75
+107°

The unit tensor is

1

)’

T 1+0,3

Ap =] 18.75 —39.43 0

—18.75 0 —64.43
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5.1. Theoretical background of simple tension and simple
compression

5. SIMPLE LOADINGS - TENSION AND COMPRESSION

During the investigations the longitudinal axis is the x, while the cross section's
plane is in the yz plane. It is also supposed that the investigated material type is
linear, isotropic and homogeneous, so the Hooke's law is valid. In the case of
simple tension and simple compression there is no change in the shear angles, so
the strain state is the following in a solid body point:

& 0 0
A=]0 ¢ 0 (5.1)
0 0 g
where ¢, = ¢, = —ve,. For the stress state the stress tensor can also be

determined for a solid body point:

o, 0 0
T=]0 0 0] (5.2)
0 0 O

The connection between the stresses and strains can be described by the so called
simple Hooke's law:

o, = Ee, (5.3)

In the case of tension and compression the stress distribution along the area of the
cross section is constant and the stress can be calculated by the following
equation:

N
o =7 (54)
where N is the normal force and A is the area of the cross section. Using the
Hooke's law and the above equation the elongation of the investigated beam
length can be calculated by the following form:

N

= 5.5
A= (55)

where [ is the investigated length.

48



SZECHENYI @

5.2. Examples for tension and compression

Example 1

A prismatic bar with square cross section is loaded by distributed force system
with f intensity. The bar is cut across the body point P with three planes (see in
figure) denoted with the i, n, and n; [2].

Data:
=250 N =100
f= —y a= mm
VA VA 2
.
4 b 4
S| -f— >
z X
S50°
' Vi
u 3 2
Questions:

a, Determine the magnitude of the stress vector at body point P (the cutting plane
is perpendicular to the bar's axis), then establish the stress tensor of point P!

b, Determine the magnitude of the stress vector at body point P (the normal unit
vectors of the investigated planes are n, and n;). Calculate the magnitude of the
coordinates of the @,, stress vector in the local coordinate system determined by

the n;, m; and k; unit vectors!
Solution:

a, In the immediate neighbourhood of body point P the stress vector can be
derived by the following form:

_ o AF
Pn; = ey AA
A Pe
4 e
=2 =
—> X
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While the stress resultant of the cross sections is distributed force system with
constant intensity it can be stated that
N . fA

Q= i="rri=fi=250i—7;=250iMPa

In the coordinate system determined by the i, j, k unit vectors the direction of g,
stress vector is parallel with the i unit vector, therefore 7,,, = 0. It results that the

stress tensor in the body point P has only one element

250 0 0
To,=|0 0 0|MPa
0 00

b, The @, stress vector appears in the body point P cut by the second plane can be
interpreted using the following figure.

f134
4
N fA o
|pn,| = y b fsin40° = 160.7MPa

a a?® A

Az = asin 40°  sin40° sin40°

The @,, stress vector will have components in normal and tangential directions in

the coordinate system determined by n,, m,, k, unit vectors, so
On, = |Pn,|sin40° = 103.3MPa
Tmyn, = |Pn,| C0s40° = —123.1MPa

The @, stress vector appears in the body point P cut by the third plane can be
interpreted using the following figure.

L
N _fA :
|ony] = 7 =% = f5in50° = 19151MPa
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a_A

As = =
3 asin50° sin 50°

On, = |Pn,| cos50° = 146.71MPa

Tmyn, = |Pn,|sin50° = 123.1MPa = —7,,_,,

It is worth to observe that magnitude of the shear stresses rising in planes that are
perpendicular to each other are the same. The explanation of this phenomenon is
coming from the duality of the shear stresses.

~ n"”ms
w oA
. Timan,
3 4
P '~.\an,
4 h P
Oy,
3

The @, stress vector and its components can be calculated using the presented
process. For this purpose the n; and m; unit vectors have to be determined firstly.

n3 = cos 40 °i —sin 40 °j,m3 = cos 50 °i + sin 50 °j
Finally, starting from the T stress tensor determined earlier the p,,_ stress vector
and its components can be calculated.

250 0 O0][ cos40° 250-cos40°
pn3=TP-n3=[ 0 0 O0f|—-sin40° MPa=[ 0 ]MPa
0 0 0 0 0
191.51
= [ 0 MPa
0
cos40°
Op, = Pn, "Nz =[191.51 0 0] [—sin40 °] MPa = 146.71MPa
0
cos50°
Tmsns = Pny " M3 = [191.51 0 0] [sin 50°] MPa = 123.1MPa
0

Example 2

Simple loading: tension. A bar with circular cross section (see in figure) is loaded
by a force at the bar end.
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[ =800 mm,D =30mm,E = 2.1-10°MPa,v = 0.33,F = 40kN

Data:

Questions:

a, Draw the normal force diagram of the bar, then determine the dangerous cross
section! Determine the magnitude of the internal loading in the dangerous cross
section(s)! Draw the stress distribution on the cross section along the axis y and
the axis z! Determine the dangerous point(s) of the cross section using the stress
distribution!

b, Establish the stress tensor of body point P!

¢, Determine the elongation (4l) of the bar caused by the force and the diameter
change (4D) in the bar cross section!

e, Establish the strain tensor of body point P using the simple Hooke's law!
Solution:

a, A part of the solution can be seen in the above figure. The dangerous cross
sections of the bar are all cross sections.

The magnitude of the internal loading in the dangerous cross sectionis N = 40 kN
Dangerous points of the cross section are all points of the cross section.

b, The stress tensor in the case of simple loading contains only one element. After
substitution the stress tensor at body point P can be calculated. A normal stress
can be determined from the normal force and the area of the cross section.

o 56 59 0 0
Ty = 0 0 MPa
py=- N _ A0 103 = 56.59MP
ox(P) = A D2m  706.86 mm? ' @
4
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¢, To be able to determine the elongation of the bar it is needed to calculate the
longitudinal normal strain using the simple Hooke's law.
-1 Al

& = =T >Al=1¢ =800mm-2.69-10"% = 0.21558mm

Oy 56.59MPa

—=———""——=269-107%
E 21-10°MPa

oy =E-¢ = & =

To be able to determine the cross section change of the cross section it is needed
to calculate the cross sectional normal strain using the Poisson ratio of the
material used.

D'—D AD B

D
= —2.668-1073mm

Ex=6& =& =—V- & =—0.8089-107*

d, While in the case of simple tension the shear angles are zero, the strain tensor
contains only the normal strains (longitudinal and cross sectional).

& 00 2.69 0 0
Ap =10 & O0|=[0 —0.8089 0 10~*
0 0 g 0 0 —0.8089

Example 3

Simple loading: tension and compression. A bar with changing cross section is
loaded by normal forces (see in figure).

Data:

d = 100mm,D = 150mm,l; = I3 = 0.2m,l, = 0.3m,F = 100kN, E
= 0.7 -10° MPa
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A
6F | SF F
-- -—z%‘-—--—»%q—_g‘-—- —> >
A/
I E s
[ ——————>———>
2F
F
v LTI T,
- X

Questions:
a, Determine the normal force diagram!
b, Determine the normal stresses rising in different sections of the bar!

¢, Determine the elongation of some bar sections, then calculate the total
elongation of the bar!

Solution:

a, The normal force diagram can be seen in the above figure. The internal loadings
are listed for the different bar cross sections:

N, = 100kN

b, From engineering intuition the section 1 and 2 seem to be dangerous, which can
be controlled with calculating the normal stresses:

N, _200-10° N

=—=————=2456MP
% A, 7854mm? 4
d’m
A1 = T = 7854mm?
_ N, _ —400-103 N 29 64MP
2= T 17671mme . ceHe
D?m
Ay = == = 17671mm?

From the results it can be seen the dangerous cross sections of the bar are the
every cross section of the section 1.
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¢, The total elongation of the bar can be calculated from the following. It can be
seen that the total elongation is the sum of the elongations of the different
sections. Using the Equation 5.5 the elongation of the investigated bar sections can
be calculated. For these calculations the Young's modulus of the material is needed
to be known among others (section length, normal force, area of the cross section).

li'Ni
Al=ZAli=A .
. i

_F1'l1 Fy- 1l F3'l3_N1'l1 Ny-l, N3l

Al = _
Y E-A, E-A, E-Ay E-l; E-l, E-l
AL =N 200mm-2-10° N = 007276
1= A E~ 7854mm?-0.7-105 MPa _ mm
AL = 27N _ 300 mm-(—4-10°N) 0.09701
2= 0 E  17671mm?-0.7-105 MPa mm
AL =3 Ns 200 mm - 10° N — 0.03638 mm < 2l
3T A, E  7854mm?2-0.7-105 MPa mn =0

Al = Aly + Al, + Aly = 0.01214mm

From the total elongation it can be seen that the investigated bar elongates.

Example 4
Simple loading: tension. Bars (links) produced from different materials and
different cross sections support a rigid beam (see in figure).
Data:
l =15m = 1500mm,l; = 1.5m = 1500mm, [, = 0.5m = 500mm
d,; = 20mm, D; = 30mm,d, = 35mm, D, = 40mm, E; = 210GPa,E, = 70GPa
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~ A-A on B-B
aD, 2
Ty 4 e
*F i i [ Ad; ad, |

o o

A
Y

Question:

Determine the location of the concentrate force on the rigid beam that the beam
can move only parallel to its original position!

Solution:

The condition is that the elongation of the links are the same, that means

All = Alz
ll Nl _ l2 NZ
E Ay E; Ay

where the area of the cross sections are

D? —d?)-m

A = % = 393mm?
DZ—-d3) =

A, = % = 295mm?

The normal forces N; and N, are unknown, those values are the function of the
location of the concentrate force.

To be able to determine the normal forces parametrically the equations of the
equilibrium (for this problem the moment equations) is used.
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F-x
l
F(l—x)
l
After substituting the normal force into the basic equation (condition mentioned
above) the exact location of the concentrate force can be determined as follows:
F(l—x) F x
S R
E A B4
L-x) Lx
E A1 Ey Ay
l — X _ l2 El Al
x L EA,

ZMAZOZ_FX+IN2:> sz

ZMBZOZ_Nll-i_F(l_x):Nl:

b

1500mm —x _ 500mm - 210 - 10°MPa - 393mm?
x ~ 1500mm - 70 - 103MPa - 295mm?

1500mm — x _ 393
x ~ 295

1500mm = 2.3322x

= 1.3322

x = 643.17mm
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6. SIMPLE LOADINGS - BENDING

6.1. Theoretical background of bending

Let us investigate a prismatic beam where the resultant of the stresses in any
arbitrary cross section is a bending moment. Our assumptions are that the y-z
plane is the cross sectional plane and the y axis is the symmetry axis of the cross
section.

It can be observed through experiments that the length of the neutral axis of the
prismatic beam does not change (original length remains the same). It can be also
noted the original plane cross section remains plane and perpendicular to the
neutral surface which becomes roll shell under loading. It means that similarly to
the tension and compression there is no shear angles. From this observation the
strain state is the following in a solid body point:

& 0 0
A=|(0 ¢ 0 (6.1)
0 0 g
where ¢, = ¢, = —ve,. For the stress state the stress tensor can also be

determined for a solid body point:

o, 0 0
T=|0 o0 0] (6.2)
0 0 0

The connection between the stresses and strains can be described by the so called
simple Hooke's law:

oy =Ee¢, (6.3)

The longitudinal normal strain can be expressed by the following form

(6.4)

Ex =

ESI RS

where y is the distance from the neutral chord and R is the curve radius. From
measurement we cannot measure the curve radius of the deformed beam but in
the stress calculation the curve radius can be included by the following using the
simple Hooke's law and from the observation (Equation 6.3 and Equation 6.4)

o, =E (6.5)

ESI RS
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While the normal stress can't be determined from the laboratory measurement we
have to call the equations of the equilibrium. The distributed internal force system
has to be equivalent to the stress resultant. The loading is bending moment (M,,).

From the force equation using Equation 6.5
E
Fs=0= 0,dA = f oxidA = i—f ydA (6.6)
(@) (4) (4)

There is no external force and the integral f(A) ydA is the S, static moment (first

moments of the area in mm3. While the neutral surface goes through the centroid
of the cross section the static moment is zero.

From the moment equation using Equation 6.5

Mg =—-Mp,k=| rxp,dA= (yj + zk) X 0,dA =
4 A

= (yj + zk) X 0,idA = —j

o,ykdA +f 0xzjdA = (6.7)
4) (4)

4

E E
=——k| y?dA+—=j| yzdA
) R™ Jcay

The integral f(A) y2dA is the I, moment of inertia (in detailed the area moment of

inertia respect to the axis z and I, > 0 in mm#), and the integral [ ) yzdA is the I,

product of inertia (the I, = I,,, and equal to zero in this case). It means that the
following equation can be expressed from Equation 6.7

E
My =~ =1,k (68)
Reordering Equation 6.8 we get

sz —

" (6.9)

|~

Finally using Equation 6.5 the normal stress for bending can be introduced with
the following equation

— sz .
I,

o, y (6.10)
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It has to be noted that we are talking about only bending when shear force is in the
system. In this case we neglect the stress and strain come from the shear force,
because it is to small compared to the stress and strain come from the bending
moment.

The maximum normal stress for bending can be calculated with the following way

M, M,
Oxmax = I z. Ymax = KZ (6.11)
z z

where K, is the section modulus.

Below the most important cross sectional properties are listed of simple cross

sections:
@d g @D g
. z z
Cross section od
circular tube (ring)
2
A [mm*] d2r (D? — d2)
area of the cross section 4 4
I, [mm?*]
dim (D* —dHm
moment of inertia of the cross section o4 61
respect to axis y
I, [mm*]
dim (D* —dHm
moment of inertia of the cross section o4 ~er
respect to axis z
3
Ky[mm”] d3m (D* —dYm
section modulus respect to axis y 32 32D
3
K,[mm?] dir (D* —d"m
section modulus respect to axis z 32 32D
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Ty fy
a - b
Cross section ’ - ’
| g
square rectangle
A [mm?]
a? ab
area of the cross section
4
I, [mm*]
a* a’h
moment of inertia of the cross section 1z 17
respect to axis y
I, [mm?*]
_ ) _ a* ab?
moment of inertia of the cross section - 12
respect to axis z
3
K, [mm?] a3 a2b
section modulus respect to axis y 6 6
K,[mm?3] a3 ab?
section modulus respect to axis z 6 6
fy
d
. b
Cross section a
|c
rectangular tube
A [mm?]
cd —ab
area of the cross section
I, [mm?*]
c3d a®b
moment of inertia of the cross section 1 12
respect to axis y
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I, [mm?*]
cd® ab?
moment of inertia of the cross section 12 " 12

respect to axis z

Ky[mm?3] 21

section modulus respect to axis y

K,[mm?®] 21,

section modulus respect to axis z

6.2. Examples for bending of beams

Example 1

Simple loading: bending. A prismatic beam with rectangle cross section is loaded
(seein figure)!

Data:
l
Ry, =320MPa,n=1.6,P = (E; -20; —10) mm,a = 40mm, b = 60mm
My, = 4kNm,E = 2.1- 10°MPa,v = 0.3

YA VA

b
Nll
|
|
|
|
|
|
|
)
=YV

Y

Questions:
a, Determine the stress and strain tensor of solid body point P!
b, Control the beam for stress!

Solution:
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a, To be able to calculate the stress and strain components the bending moment
diagram, the dangerous cross section, stress distribution and the dangerous points
have to be determined (see in figure below).

dangerous
VA points VA YA
A
M0} M. M,
=M L @ D
ol--/AA-----1% ~Po
Y
a dangerous - ! -
- > points 4 Nm
Oy
. +
=t (OO,

After calculating the moment of inertia of the cross section the normal stress at
body point P can be determined.

M,, 4 kNm 4-10°Nmm
0x(P) = 1, VP = S oS (20mm) = e (~20mm)

N
- =-111.1MPa
m

B ab? _ 40~ 603
12 12
In general the stress tensor for bending moment is the following and after
substitution the stress state can be calculated for body point P.
ax(P) 0 0 111 100
Ty = 0 0|MPa
0 0
For the determination of the strain state of body point P the simple Hooke's law
has to used to be able calculate the normal strains as follows

= 720000mm*

_0x(P)  —111.iMPa
&TTF T 21-105
£, =& = —v&, = —0.3-(~5.291-10~%) = 1.587 - 10~*

= —5.291-107*

In general the stress tensor for bending moment is the following and after
substitution the stress state can be calculated for body point P.
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& 00 —5.291 0 0
Ap =10 g 0]|= 0 1587 0 |-107*
0 0 g 0 0 1587

b, To be able to control the for the maximum stress, the basic equation of sizing
and control of beam structures has to be written.
Oxmax < Oall

where the allowable stress for the material can be calculated from the yield point
and the factor of safety.

Ry02 B 320MPa
n 1.6

Omeg =

= 200MPa

The maximum normal stress can be calculated using the bending moment and the
section modulus.

sz sz 4‘106

Ox max = TYmax = X, = 24-10% = 166.67MPa

where the section modulus of the rectangular cross section is

1 _ab3 2_ab2_40-602

=2.4-10*mm3

K, =1 ==
272y T 12 b 6 6

Let us examine if the basic equation of sizing and control is fulfilled or not.
Oxmax < Ogn — 166.67MPa < 200MPa

While the equation for control is fulfilled the beam is met with the requirement in
the point of stress view.

Example 2

Simple loading: bending. A prismatic beam with circular cross section is loaded
(seein figure)!

Data:

Omeg = 170MPa
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@D y A yl\
4kN
4 [{ = nm l kN
z x
Im 2m Im

Question:

Size the beam for maximum stress (during the investigation we neglect stress and
strain come from shear)!

Solution:

To be able to size the beam the shear force diagram, the bending moment diagram,
the dangerous cross section, stress distribution and the dangerous points have to
be determined (see in figure below).

dangerous

Y
4N AN

A4 | B R

x

FA},? skv "hp,
dangerous Im 2m Im
o, * point -«
2kN

< | SEN
T* |=
ol (I 4 X

-4 kN -3 kN
4kN 20N
v+ e e,

To be able to size the beam for the maximum stress, the basic equation of sizing
and control of beam structures has to be written.
Oxmax < Oaul
For this example the following is valid.
_ Iszl |sz|

Oxmax = S0 = K; 2
z Omeg

After reordering the minimum section modulus needs to be calculated.

.106
bz
|Mp,| |4-10°Nmm|

Kzmin = = = 2.353-10* mm?
amin G e 170MPa mm
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Using the minimum section modulus for circular cross section the minimum
required diameter can be determined.

Komin = T = Dpin =

=62.11mm

V[

D31 732 Kymin sjgz -2.353 - 10*mm3
T

After rounding up the minimum required diameter the applied diameter can be
determined.

D = 65mm

app

Example 3

Simple loading: bending. A prismatic beam with ring cross section is loaded. The
loading is given with the moment vector reduced to the centre point of the cross
section. The diameter ration is also given.

Data:
D 4
Oq1 = 100MPa, 73 Mg = 45k kNm
oD y VA
—_—
z Oy
ad
Uxf
z \
Question:

Size the beam for the maximum stress (during the investigation we neglect stress
and strain come from shear)!

Solution:

To be able to size the beam the stress distribution and the dangerous points have
to be determined on the cross section (see in figure below).
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dangerous
point

Mb;<0

dangerous
O’x + point

- |

To be able to size the beam for the maximum stress, the basic equation of sizing
and control of beam structures has to be written.
Oxmax < Oall

For this example the following is valid.

|Mp, | | M|
Oxmax = T < Omeg ™ K, =
z

Omeg
After reordering the minimum section modulus needs to be calculated.

_IMp,|  |-4,5-10°Nmm|

K, . = = 45-10*mm3
min G e 100MPa mm

Using the minimum section modulus for ring cross section the minimum required
diameter can be determined.

4 \* 256 175
0 —avn_|GY) ~@|r [(FPa)-a]x FPar irse
32D g, 4, 128 | - 128, " 27-128

3 3 3

K, =

3(27 128 K,m;
Apin = J e M — 65.64 mm

After rounding up the minimum required diameter the applied diameters (inner
and outer diameters) can be determined.

dapp = 66mm, Dy, = 88mm

Example 4

Simple loading: bending. A prismatic beam with rectangle cross section is loaded
(see in figure)!
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Data:
Rp = 450MPaq, n=25 [=2m
Ay
F
z ¥
X
Questions:

a, Size the beam for the maximum applied load (during the investigation we
neglect stress and strain come from shear)!

b, Size the beam for the load acting along the axis y (during the investigation we
neglect stress and strain come from shear)!

Solution:

a, To be able to size the beam the shear force diagram, the bending moment
diagram, the dangerous cross section, stress distribution and the dangerous points
have to be determined (see in figure below).

~

ZA Z Z A

v My, <0 X
/
< a _ -
O'x+ > F-l Ff
| ¥y ;‘
YF
T, |
- X
+ -F
My (Tmm——
-Fl

To be able to size the beam for the maximum stress (then for maximum applied
load), the basic equation of sizing and control of beam structures has to be written.

Oxmax < Oall
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_ |Mby|

Rp
Oxmax = N <ou = P 180MPa — My, < ogy Ky,
y

After reordering the maximum applied moment can be calculated.

Myymax = GauK, = 180MPa - 2000 mm? = 360000Nmm

where the section modulus respect to the axis y is
K, = ab” _ 2000mm?
y="g = mm
While the question was the determination of the maximum applied load, form the
maximum bending moment this value can easily be calculated as follows:

Myy  360000Nmm
I~ 2000mm
b, To be able to size the beam for the maximum stress (then for the load acting

along the axis y), the basic equation of sizing and control of beam structures has to
be written.

= 180N

My, =F 1> Epgyx =

Oxmax < Oall
For this example the following is valid.

|sz|
Ox max = K S Oau = Mp; < O-meng
z

Mpsmax = 0auk, = 180MPa - 3000 mm3 = 540000Nmm

where the section modulus respect to the axis z is

2

K =2 _ 3000mm?
s

While the question was the determination of the maximum applied load acting
along the axis y, form the maximum bending moment this value can easily be
calculated as follows:

My,  540000Nmm

Mpz = F 1= Fnax = == = —50000mm

= 270N

69



SZECHENYI @

7. SIMPLE LOADINGS - TORSION
7.1. Theoretical background of torsion

In this chapter we will only investigate prismatic beams with circular or ring cross
section for pure torsion. The resultant of the stresses in any arbitrary cross section
is torsion. It can be stated from a simple torsion test that the circular cross
sections of the beam remain circular during the torsion and their diameters and
distances between them do not change. For the investigation the cylindrical
coordinate system (R, ¢, x) is used. The loading is a torque moment (M;).

The state of strains described by the strain tensor is
0 0 0
AR, ¢,x) = |0 0 2%x (7.1)

1
0 5% O |

While the diameter is not changing during torsion the 5 = 0. The original length
is not changing as well so the &, = 0. The state of stresses described by the stress
tensor is

0 0 0
T(R,px)=|0 0 7o (7.2)
0 740p O

where 7, = Ty, is the shear stress in the cross section. While the normal strains
are zero the normal stresses are zero as well. The distribution of the shear stress
along the cross section is linear and in the centre of the cross section is zero. The
maximum shear stresses arise in the outside fibers. In the cylindrical coordinate
system the shear stress can be introduced by the following way,

ox
IP

T o} (7.3)

where g is the radius to the point of interest and I, is the polar moment of inertia.
By definition the polar moment of inertia is

b= eas (7.4)
4
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Below the cross sectional properties of circular and ring cross sections are listed:

zd |7
Cross section ’
circular tube (ring)
L, [mm*]
. . d*m (D* —dHm
polar moment of inertia - —_—
32 32
of the cross section
Ky[mm?3]
olar section modulus &n (D* —dfn
ulu —_— —_—
p 16 16D
of the cross section

For pure torsion of linear, elastic and homogenous materials the Hooke's law is
valid, therefore the connection between the stress and strain can be described by

Tox = G " Vox (7.5)

While the dangerous points of the cross section are the points of the outer
diameter the maximum shear stress can be expressed as follows,

SN L7/ DO I 06
pxmax Ip Qmax Kp .

In the case of torsion another important quantity is the angular displacement
(angle of twist)

¢ = (7.7)
where [ is the investigated length of the beam.

After transformation of the problem into the xyz coordinate system we get
following for the shear stress components
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M, M,

Txy = Tyx = _E “Zp, Tz = Txz =5"Yp (7.8)

where yp is the distance of the investigated point from the z axis and zp is the
distance of the investigated point from the y axis.

In the xyz coordinate system the stress tensor is

0 Ty Ty
T(x,y,2)=|[Tyx 0 O (7.9)
T, O 0

so the normal stresses are zero (o, = 0, = g, = 0).

In the xyz coordinate system the strain tensor is

1 1
|[ 0 nyy nyz—l
1
A(x,y,2)= Ifyyx 0 0 I (7.10)
|1 |
lzyzx 0 0 J

so the normal strains are zero (&, = &, = &, = 0).

Using the simple Hooke's law the shear angles can be introduced in the xyz
coordinate system as

Txy = Tyx = G Vyx = G Yy, Tzx = Txz = G Vox =G Vuz (7.11)
Using Equation 7.6 and the maximum shear stress in the xyz coordinate system is

|M¢|
Tmax = —— (7.12)

Ky

The basic equation of sizing and control for pure torsion is
Tmax = Tall (7-13)

where 7,4, is the allowable stress for torsion.

The energy of strain for torsion can be determined as follows (if the M; and I,, are
constant)
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(7.14)

7.2. Examples for torsion

Example 1

Simple loading: pure torsion. A prismatic beam with circular cross section is
loaded by torque moment (see in figure). The investigated solid body points (4, B
and () are given with those coordinates.

Data:
M = 0.3kNm, D = 20mm,
V3
A(0; 0;5)mm, B(0; —10;0)mm, C|O0; —5;—107 mm
oD VA VA
M M
« =N-—————— =~
L X
- l .
Questions:

a, Determine the stress tensor of body points 4 and B!

b, Determine the stress tensor of body point C! Calculate the magnitude of the
shear stress at body point C!

¢, Determine the stress tensor of body point € in the Rgx coordinate system!
Solution:

To be able to calculate the stress components the torque moment diagram and the
stress distribution have to be determined (see in figure below). It has to be noted
that considering the sign convention of the torsion the torque moment is negative.
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A
Y

Y

- LTI =

-0.3kNm

a, The stress tensor in general in the case of pure tension in the xyz coordinate
system is

0 Ty Txz
T=|ty, O 0
T, O 0

From the figure above it can be read that in point A the shear stress components
T,x = Ty are zero. After calculating the polar moment of inertia of the cross
section the shear stress component can be determined.

D*-m  20*-

I = - " — 15708mm*
P32 T 32 mm

M
T22(A) ==+ y4 = OMPa

p
M, —0.3- 10°Nmm
Tay(A) = T T T T i5708mmt 5mm = 95.49MPa

Substituting the values the stress tensor of body point A can be written as

0 9549 0

T, =195.49 0 0

0 0 0

From the figure above it can be read that in point B the shear stress components
Txy = Tyy are zero. The shear stress component can be determined.

MPa

M,
Tyy(B) = ==z = OMPa
I
M, —0.3-10°Nmm
T,x(B) = E-yB YT w— *(=10mm) = 190.99MPa

Substituting the values the stress tensor of body point B can be written as
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b, The shear stress components in the body point C can be determined as follows

0 0 190.99
0 0 0 MPa
19099 0 0

TB=

© = M, _ —03-10°Nmm 10\/§  1esaMP
By = T T T T 5708mm? 2 )T T
©) = M,  —03-10°Nmm (=5)mm = 95.49MP
e =Y T T 5708mm® = oA

The stress tensor in the body point Cis

0 —165.4 95.49
T.=|-1654 0 0 |MPa
95.49 0 0

The magnitude of the shear stress in the body point C is

7(C) = J [£,x (O] + [1,x(C)]2 = 190.99MPa

¢, To be able to calculate the stress tensor in body point C the stress distribution
has to be drawn (see in figure).

The shear stress can be calculated as

M, —0.3-10°Nmm
“0c = *10mm = —190.99MPa

Tox(O) =7 15708mm*

where g = g. The stress tensor can be established.

0 O 0 0 0 0
T:(R,0,x)=[0 0 7Tux|=]0 0 —190.99(MPa
0 Typ O 0 —190.99 0
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Simple loading: pure torsion. A prismatic beam with ring cross section is loaded by
torque moment (see in figure). The investigated solid body point P is given with its
coordinates [3].

Example 2

Data:
M; = 150Nm, D =30mm, d =24mm, [=300mm, x =100mm, G = 80GPa
P(150; 0; —12) mm
op YA VA
K M

_ :D_+
Qii <_.| ’

-
%

Y

Questions:
a, Determine the strain and stress tensors in the body point P!
b, Determine the angular displacement of the cross section K!

¢, Determine the strain energy of the whole beam and the beam section with
length x!

Solution:

To be able to calculate the stress and strain components the torque moment
diagram and the stress distribution have to be determined (see in figure below). It
has to be noted that considering the sign convention of the torsion the torque
moment is positive.

K p M
—y :V *:c
X
150Nm

=Y

a, After calculating the polar moment of inertia of the cross section the shear stress
component can be determined.
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(D*—d*)-m  (30*—24")-m

— — 4
I, = 32 372 = 46950 mm
M, 150 - 103 Nmm
Tyy(P) = —E-zp Ry Tor T —— (=12 mm) = 38.34 MPa

M,
Tx(P) =7-yp = 0 MPa
14

The stress tensor in general and after substitution

0 Ty Ty 0 3834 0
Tp=|[tyx 0 0[=(3834 0 0| MPa
T, 00 0 0 0

Using the simple Hooke's law the related shear angle component can be
determined.

7,x(P) _ 3834 MPa

P) = = = 4.79-107*
Y (P) = = 507103 MPa
The strain tensor in general and after substitution

[ 1 1

| 0 Sy OI 0 24 0

Ap =11 =(24 0 o0]107*

|Zyyx 0 0 0 0 0

l 0 0 0
b, The angular displacement at cross section K is

M.-x 150-10% Nmm- 100 mm s
ok = = =3.99-107°rad

I,G 46950 mm*-80- 103 MPa
¢, The strain energy of the whole beam is

1 MZ2-1 1 (150-10° Nmm)?-300 mm
2 I,-G 2 46950 mm*-80-103 MPa

Ur = 898.56 Nmm = 0.899 ]

while the strain energy at the beam section with length x is

UK 1 MZ-x 1 (150-10° Nmm)? - 100 mm
=5 I,G 2 46950 mm*-80-103 MPa

= 299.52 Nmm = 0.29952 ]
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Simple loading: pure torsion. A prismatic beam with circular cross section is
loaded with torque moments (see in figure). The allowable shear stress and the
allowable angular displacement are also known.

Example 3

Data:
M, =250 Nm, l; =300mm, [, =200mm
G = 65GPA, ¢,y = 1.5° 14 = 40MPa
@D v A y A
M M
X~ J [ ==
I; 5
Questions:

a, Size the beam according to the allowable angular displacement for the whole
beam!

b, Control the beam for maximum stress according to the allowable shear stress!
Solution:

To be able to size and control the beam, the torque moment diagram, the
dangerous cross section, the stress distribution and the dangerous points have to
be determined (see in figure below).

op YA v VA

[; [,

- .
% Ll

point Mﬁ‘ —\||||H||IHH >
- (LT x

-500Nm

a, To be able to size the beam for the allowable angular displacement, the basic
equation of sizing and control for angular displacement of beam structures in the
case of pure torsion has to be written.

d’max < ¢all
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For this example the following is valid.

My, - 1;
¢max = z Ip = ZMtl < ¢all =1 5 ' 1800rad
i=1
|—150-10° Nmm —50-10° Nmm?|
= - = 117530 mm*
1.5 180° +65:103 MPa

Using the minimum required polar moment of inertia the minimum required
diameter can be determined.

D*-m 4/32-1 ,
Iy =5 = Dinin = $=33.08mm

After rounding up the minimum required diameter we can get the applied
diameter.

Dgpp = 35 mm

This value for the diameter is suitable for the prescribed allowable angular
displacement.

b, To be able to control the beam for the maximum shear stress, the basic equation
of sizing and control of beam structures in the case of pure torsion has to be
written.
Tmax = Tall

The applied diameter is determined before so the applied polar section modulus
can be determined.

Dy m 353mm3-m

Koaw =16 =" 16

Using the applied polar section modulus the maximum shear stress can be

= 8418 mm?3

calculated.

_ M| |-0.5-10° Nmm]|
fmax = op 8418 mm3

=59.39 MPa < Tyeq

The calculated maximum stress and the allowable has to compared if the condition
is fulfilled or not.

59.39 MPa < 40 MPa
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This result means that the calculated applied diameter is not enough to bear this
load. It is needed to size the beam for the maximum stress!

| M|

Tmax = < Tau

Ky

The minimum required polar section modulus can be calculated.

_ M| _]-0.5-10° Nmm| _ 12500 3
~ T 40MPa mm

Kpmin

Using the minimum required polar section modulus the minimum required
diameter can be determined.

= 39.93mm

- D . =
s s

D3-m 3116 " Kpmin (16 - 12500 mm3
Kpmin = T min =

After rounding up the minimum required diameter the applied diameter can be
calculated.

Dalk =40 mm

Example 4

Simple loading: pure torsion. A prismatic circular shaft assembled with a disc is
loaded. On the circumference of the disc forces are acting.

Data:
F = 1kN, R = 015m, Tall = 60MPa
F A
@ R Yy
YA F
,,,,,,,,,,,,,,, ]
X z
)~ r
- L > F
Questions:

a, Size the circular shaft for maximum stress!

b, Size the shaft for maximum stress if we plan to use ring cross section and the

. o D, 9
diameter ratio is known (d—2 = g)!
2
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¢, If we plan to reduce the weight of the shaft which cross section would be chosen
for production. How much easier it would be in percentage?

Solution:

The torque moment has to be determined first which comes from the loaded disc.

F5=ZFi=—F-k+F-k=0

MSZZM,-=F-R-i+F-R-i=2-F-R-i=(300i)Nm

To be able to size and control the beam, the torque moment diagram, the
dangerous cross section, the stress distribution and the dangerous points have to
be determined (see in figure below).

VA VA

M M

é o & br

.%,{
300Nm

dangerous M+ IR RRRRRAR R RRRRRRRAR RN

point X

a, To be able to control the beam for the maximum shear stress, the basic equation
of sizing and control of beam structures in the case of pure torsion has to be
written.

Tmax < Tau

For this example the following is valid.

The minimum required polar section modulus can be determined.

_ M| [300-10° Nmm|

Kpmin = = 3
pmin = 60 MPa 5000 mm

Using the minimum required polar section modulus the minimum required
diameter can be determined.

D3. -7 3(16-K, . 3|16-5000 mm3
Kpmin = —22 —>Dmin=\/ ”"“":J = 29.42 mm

prmin 16 i T

81



SZECHENYI @

After rounding up the minimum required diameter we can get the applied
diameter.

D = 30mm

app

b, In the case of choosing ring cross section the given diameter ratio should be
used. For the calculated torque moment the same minimum required polar section
modulus is valid in this case as well. Reordering the polar section modulus for ring
cross section using the diameter ratio we get

O [69) 4 [(aget) -]

K, =

p 32D, 37 '%dz - 36-d,
2465
_ T00g 2’ _ 2465d,°n
36 4096 - 36

So the minimum required polar section modulus is

. :2465d2min3n
pmin 147456

3147456 - Kpmin
2min =

465 = 45.66 mm

Using the minimum required inner diameter the applied inner and outer
diameters can be determined.

daapp = 48mm, Dyqpp = 54mm
¢, Comparing the weight of the shaft:
Dipy - m
m_pV_pAil A T Dip

= = =— = = = 1.4706
my,  pV, pAxl A (Dzzapp - d%app)n D22app - d%app

The value of the weight reduction:

m,
100 - (1 ——) = 36%
my

Overall, the shaft with ring cross section with the applied diameter is easier then
the circular shaft, so it is better and economical to choose for application.
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8.1. Examples for the investigations of combined loadings (uni-axial
stress state)

8. COMBINED LOADINGS - UNI-AXIAL STRESS STATE

Example 1

Combined loading: tension and bending. A prismatic beam with square cross
section is loaded and the dangerous cross section is known. The external loading is
given with the force and moment vectors reduced to the center of gravity of the
cross section.

Data:
M, = (1.4k) kNm, F; = (20i) kN, R, = 215 MPa,n=1.6
VA
S| -
z O
L
Questions:

a, Draw the stress distribution on the dangerous cross section and determine the
dangerous point(s) of the cross section!

b, Size the beam for maximum stress if the yield point of the material and the
factor of safety are known!

¢, Using the applied cross sectional data determine the equation of the neutral axis
of the cross section!

Solution:

a, Considering the given force and moment vector reduced to the center of gravity
of the cross section the resultant of the beam can be determined. The moment
vector has only component in direction z and it is positive meaning that one of the
resultant is bending (the bending moment is negative according to the sign
convention). The force vector has only component in the direction x and it is
positive meaning that the other resultant is tension (the normal force is positive
according to the sign convention). In total the resultant of the investigated cross
section is combined, tension and bending.

If the resultant is known the stress distribution can be drawn (see in figure below),
where oy is the normal stress coming from the tension, while ¢, is the normal

83



SZECHENYI @

stress coming from the bending. According to the theorem of superposition the
two stress function can be added. The summation of the stress functions result the
o, stress distribution in the function of y. From the figure it can be seen that the
dangerous points of the dangerous cross section are the lower chord of the cross
section. It means the maximum stress arises there.

The neutral axis is the set of points on the cross section where the resulting stress
value are zero.

Neutral axis V* yA yA v

A \ ‘ E \
3| - = B =

z E GT O-x O-’C
\ —
AN
a dangerous Osimax
- > points

b, For the sizing for maximum stress the following condition has to be fulfilled in
the case of tension and bending combined loading:

Oxmax < Oall

The maximum normal stress can be derived from the following equation

" IN| N | M|

— ! —
Uxmax - meax Uxmax - A K
z

The allowable stress can determined from the following equation

Rp
g, = —
all n

In the case of tension and bending combined loading the sizing has to be done
from the following steps. The first step is to neglect the stress coming from tension
and size for only bending. In the second step a control calculation for the combined
loading is needed to be performed, where the cross sectional data determined
from the bending is used. If the calculated maximum normal stress determined for
the suggested cross sectional data is smaller than the allowable stress the control
calculation is finished. If the calculated maximum normal stress determined for
the suggested cross sectional data is greater than the allowable stress a one bigger
standard cross sectional data has to be chosen, then the control calculation is
needed to be performed again. This iteration has to be done till the original
condition is fulfilled.
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We neglect the normal stress coming from the tension and size for only bending,

therefore
|sz| S&
K, n
From the above equation the minimum required section modulus can be
determined
[Mp,|n 1.4-10° Nmm- 1.6 5
Kemin = —p—= N = 10418.60465 mm
P 215 >
mm

While for square cross section the section modulus is

therefore

3
a .
Kymin = % > Amin = /6 Kymin = 1/ 6 - 10418.60465 mm3 = 39.687 mm

The resulted minimum edge length has to be rounded up, so the applied edge
length can be determined

Agpp = 40 mm.
Control calculation for combined loading using the applied edge length:

The cross sectional properties for the applied edge length

3
a
AaPP = alzlpp = 1600 mmzp Kzapp = % = 1066667 mm3.

The maximum stress in the structure calculated with the applied edge length can
be calculated

_ Nl Myl 20-10°N 1.4-10° Nmm

= el + —
xmax = g Kyapp  1.6- 103 mm?Z * 1.066 - 10* mm3

app

=12.5 MPa + 131.258 MPa = 143.758 MPa
The allowable stress is

Rp 215 MPa

Oau =~ = —1¢— = 134375 MPa

While

Oxmax > Oall
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the condition is not fulfilled, so the applied edge length calculated for only bending
is not enough to bear in the case of combined loading. One bigger standard size has
to be chosen, therefore we suggest for applied edge length

Agpp = 45 mm
Control calculation using the newer applied edge length for combined loading:

The cross sectional properties for the newer applied edge length

3
a
Agpp = alpp = 2025 mm?, K,y = % = 15187.5 mm3

The maximum stress in the structure calculated with the newer applied edge
length can be calculated

_ NI My 20°10°N  14-10°Nmm
vmax = g " Kyapp 2025103 mm? | 1.518 - 10* mm3
— 9.876 MPa + 92.181 MPa = 102.057 MPa

While

Oxmax < Oall
the condition is fulfilled, therefore the new and standard edge length (aqp, =

45 mm) is safe to bear the loading.

¢, In the case of tension and bending combined loading the equation of the neutral
axis can be determined from the following equation:

N My,
Oy = + -y =0MPa
Aapp  Lzapp

The applied moment of inertia of the cross section is

4
Qapp

Liapp = — 5 = 341718.75 mm*

Reordering the above equation for the y we get

N lpp  20-10° 3.417-10°

_ - : =241
My, Agpp  —14-10° 2.025-103 i

y:

The equation of the neutral axis is

y=241mm
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Combined loading: compression and bending. A prismatic beam with rectangle
cross section is loaded and the dangerous cross section is known. The external

Example 2

loading is given with the force and moment vectors reduced to the center of
gravity of the cross section.

Data:
M, = Bk)kNm,F; = (—15i)kN,a = 20mm, b = 50mm
VA N2 S vA
A
| - — e
z o, oy Oy
Y
- a L
Questions:

a, Sign the components of the force and moment vector on the cross section and
denote the loadings and those signs. Draw the stress distribution of the cross
section and determine the dangerous point(s) of the cross section. Draw the
neutral axis on the cross section type correctly.

b, Determine the equation of the neutral axis of the cross section!
¢, Determine the stress tensor connected to the dangerous point(s)!
Solution:

a. Considering the given force and moment vector reduced to the center of gravity
of the cross section the resultant of the beam can be determined. The moment
vector has only component in direction z and it is positive meaning that one of the
resultant is bending (the bending moment is negative according to the sign
convention). The force vector has only component in the direction x and it is
negative meaning that the other resultant is compression (the normal force is
negative according to the sign convention). In total the resultant of the
investigated cross section is combined, compression and bending. According to
theory of superposition the normal stress can be written as the sum of the normal
stress coming from compression and the normal stress coming from bending as
follows:

— "
Y O-x_o-x'l_o-x
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If the resultant is known the stress distribution can be drawn (see in figure below),
where oy is the normal stress coming from the compression, while g, is the
normal stress coming from the bending. According to the theorem of
superposition the two stress function can be added. The summation of the stress
functions result the g, stress distribution in the function of y. From the figure it
can be seen that the dangerous points of the dangerous cross section are the upper
chord of the cross section. It means the maximum stress arises there.

dangerous
points T* Y4 4 YA Y A, Oxmax
M;.<0 E
Q| - — - - N
Z <0 O’x O’x O‘x
' A
|
a neutral axis
-

b, In the case of compression and bending combined loading the equation of the
neutral axis can be determined from the following equation
sz

0x=092+0,’c’=z+ ] y=0
zZ

The area and the moment of inertia of the cross section are
A = ab = 20mm - 50mm = 103mm?

B ab? _ 20mm - 503mm3

= = =2 4
:=15 v 08333mm
Reordering the above equation for the y we get
N I,  -15- 103N 208333mm* _ 1042
Y= TA M, T T T103mm?  —3-106Nmm o

¢, To be able to determine the stress tensor connected to the dangerous points the
maximum stress has to be calculated.

The normal stress from the compression is

N -15- 103N

A Tormmz - PMPe

Oy =

The normal stress from the bending is
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According to the theory of superposition the maximum stress can be calculated.

N M
Osarx = 0% + 0% =2+~ yap = ~15MPa — 360MPa = ~375MPa
z

M,, —3-10°Nmm

bz == 95 = —360MP
1, 2% = 208333mm* ¢

"o_
g, =

The stress tensor after substitution is

o, 0 0 —-360 0 O
0 0 O0]={ O 0 O|MPa
0 0 O 0 0 0

TP:

Example 3

Combined loading: tension and bending. A prismatic beam with ring cross section
is loaded with a normal force and a bending moment. The diameter ratio of the
ring cross section is also known.

Data:

Q|

10
My, = 100Nm, N = 150kN, =3 R, = 240MPa, n =15

Question:

Size the beam for maximum stress, then suggest applied cross sectional sizes
considering the diameter ratio!

Solution:

The allowable stress can be calculated as

R, 240MPa

=—= =160MP
Gau =7, 1.5 a

In the case of tension and bending the basic equation for sizing can be written as

! "o__ |N| |sz|
Oxmax — Ox +o0, = 7+ K, = Oall

While the normal force seems to be more dangerous compared to the bending

moment we neglect bending and size for only tension.
N
7] = o

The minimum required area of cross section can be determined
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where the area of cross section for ring cross section can be written as

(D?—-d?) =
4

N 150-10°N
Omeg ~ 160MPa

= 937.5mm?

Amin =
A=
where D = 5/4d, therefore

2
<(%d) —d2>-rr (%dz—dz)-n gdz-n_lgdZ.n
—=

A= 4 - 4 - 814

The minimum required inner diameter can be calculated.

81-4- Ap;
Amin = 19—_”’"‘" = 71.34mm

The minimum required inner diameter has to be rounded up for the following
standard value, then the applied inner and outer diameters can be determined.
dapp = 72mm, Dy, = 80mm

Control calculation for tension and bending combined loading using the applied
diameters:

The cross sectional properties using the applied diameters can be determined.

(D?—d*)m 5 (D* —d¥)m
Aapp = f = 955mm 'Kzapp = 32—D

The maximum stress in the structure using the applied diameters is

= 17286mm?

_IN| | IMp,| 150-103N  0.1-10°Nmm

= = +
amax = g " Kyapp | 976mm? ' 3741- 10*mm?

Oy, . = 162.85MPa < 0,y = 160MPa

= 157.07MPa + 5.78MPa
app

While the condition is not fulfilled one bigger standard cross sectional size has to
be chosen.

d = 81mm,D =90mm

app app

Control calculation for tension and bending combined loading using the newer
applied diameters:

The cross sectional properties using the newer applied diameters can be
determined.
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D?—d¥) -1
( ) = 24613mm?

5 (D* — dYm
Aapp = ~————— = 1209mm, K,qpp = 3o

IN| N My, 150-103N+ 0.1-10°Nmm 124 1MPa + 4.06MP
T 976mm? ' 3741-104mm3 o aT® ¢

Uxmax -
Aapp  Kzapp

0y, = 128.16MPa < oy, = 160MPa

The condition is fulfilled, there the following diameters are suggested for
application: d = 81mm, D = 90mm.

Example 4

Combined loading: tension and bending. A disc assembled on a circular shaft is
loaded by F; (see in figure). The stress coming from shear is neglected.

Data:
F; = 10kN,D = 400mm, a = 400mm, b = 600mm, o,;; = 160MPa
od_ > M a b
<—F1
4 ¢ B,
Ny
z | [.op X
Questions:

a, Reduce the force acting on the disc to the shaft and determine the reaction
forces in the supports, furthermore determine the stress resultant diagrams.
Determine the dangerous cross section(s) of the shaft and name the resultants.
Draw the stress distribution and determine the dangerous point(s) of the cross
section!

b, Size the beam for maximum stress and suggest a cross sectional value for
application!

Solution:

a, Using the equations of equilibrium the reaction forces can be determined:
Zin = 0 = _F1 +FBX = FBx = F1 = 10kN

D 0.2m - 10kN
ZMAi=0:EF1+(a+b)'FB = FB:—T=—2kN
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0.2m - 10kN

D
Mg =0=—F,- b —F = F,=————=2kN
Z B; a(a+ )"‘21 A m

To be able to size the shaft the normal force diagram, the shear force diagram, the
bending moment diagram, the dangerous cross section, the stress distribution and
the dangerous points have to be determined (see in figure below).

dangerous

10N
N AT o

The dangerous cross section of the shaft is the cross section C. The resultants are:
N = 10kN ; My, = 1.2kNm; T = 2 kN

The stress coming from shear is neglected. According to the theory of
superposition the normal stresses can be added.

/_E II_MbZ _ I+ 17
z

b, In the case of tension and bending the basic equation for sizing can be written as
v NI M|

Oy =0,+t0, =—+ < Oqn
max A KZ

As the first step we neglect the normal stress coming from the tension and size for
only bending.

The minimum required section modulus can be determined

_IMy,|  1.2-10°Nmm
Imin g0 160MPa

= 7500mm?3
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Using the minimum required section modulus the minimum required diameter
can be calculated.

d3n 332K, . 3|32-7500mm?3
K, =—=>dpn = = = 42.43mm

32 T T

The minimum required diameter has to rounded up for the following standard
value, therefore the applied diameter can be determined.

d =45mm

app

Control calculation for tension and bending combined loading using the applied
diameter:
The applied cross sectional properties can be determined.
d*-m 5 d3n 3
app =~ = 1590mm*, K qpp = 37 - 8946mm

The maximum stress can be calculated using the applied diameter.

A

N My, 10*kN 1.2 - 10°Nmm

+ = +
Krapp 1590mm? 8946mm3

Oxpax = 140.43MPa < 04y = 160MPa

= 6.29 + 134.14MPa

Oxmax =
Ag
rp

The condition is fulfilled, therefore the application of the diameter d = 45mm is
suggested.

Example 5

Combined loading: tension and bending. An off-line beam structure with ring cross
section is loaded by a force F; (see in figure). The beam is supported with a plain
bearings at cross section B.

Data:
D 5
F; = 3kN, 7 = 7 a =700mm, o,; = 180MPa
yA y ye oy -
gD y"‘ Im 2m
~ > S}
z (o8 __(;; Ox A ~— B C X

ad
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a, Reduce the force to the beam, determine the reaction forces, then draw the

Questions:

stress resultant diagrams. Determine the dangerous cross section(s) of the beam
and name the resultants. Draw the stress distribution of the dangerous cross
section then determine the dangerous point(s) of the cross section!

b, Size the beam for maximum stress and suggest a cross sectional size for
application!

Solution:

a, Using the equations of equilibrium the reaction forces can be determined:
ZFXi:O:_FA+F1:> FA:F1:3kN
D

0.2m- 10kN
ZMAi:OZEF1+(a+b)'FB = FB=—T=—2kN

To be able to size the shaft the normal force diagram, the bending moment
diagram, the dangerous cross section, the stress distribution and the dangerous
points have to be determined (see in figure below).

dangerous

()
Qb ’f

The dangerous cross sections of the beam are the section BC, where the resultants
are:

UX max

Fga

X

N =3kN; My, =a-F, = 2.1kNm

The stress coming from shear is neglected. According to the theory of
superposition the normal stresses can be added.

I_ﬁ II_MbZ
Oy = ,O'x——I
zZ

! n
A Y,0x = Ox + 0y

b, In the case of tension and bending the basic equation for sizing can be written as
INI | [Mpl

_ I "o o__
axmax—0x+ax——A + K < Oai
VA
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As the first step we neglect the normal stress coming from the tension and size for
only bending.

|sz|

= Oqu
VA

The minimum required section modulus can be determined

_ IMy,|  2.1-10°Nmm
fmin = g 180MPa

=11667mm?3

while D = 5/4d, therefore

5N\ .
2 _ 625 369
(D* —dYm <(4 a) -d )” (Zsgd* —d*)m  Sged'm  369d%m

32D 40d 40d ©40d  256-40

Using the minimum required section modulus the minimum required inner
diameter can be calculated.

K, =

= 46,88mm

_ 3|256- 40K, min _ 3[256- 40 - 11667mm?
min 369 - 369

The minimum required diameter has to rounded up for the following standard
value, therefore the applied diameters can be determined.

dapp = 48mm, Dy, = 60mm

Control calculation for tension and bending combined loading using the applied

diameters:

The applied cross sectional properties can be determined.
_(D*=d®)-m (D* —d¥)m

ap 4 32D

The maximum stress can be calculated using the applied diameter.

A = 1018mm?, K,qpp, = = 12520mm?

_ N My, SKN_ 21 1Nmm b 4 167.73MP
Txmax = Aapp  Kzapp ~ 1018mm? 12520mm3 ¢ . ¢

Oxmax = 170.68MPa < 0,y = 180MPa

The condition is fulfilled, therefore the application of d = 48mm and D = 60mm
are suggested.
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Combined loading: inclined bending. A prismatic beam with square cross section is
loaded and the dangerous cross section is known. The external loading is given
with the force and moment vectors reduced to the center of gravity of the cross
section.

Example 6

Data:
M, = (500j + 800k)Nm, F; = (0i)kN, R, = 500MPa, n =2
- VA
1 s
S| % S
- a >
Questions:

a, Sign the components of the force and moment vector on the cross section and
denote the loadings and those signs. Draw the stress distribution of the cross
section and determine the dangerous point(s) of the cross section!

b, Size the beam for maximum stress and suggest a cross sectional size for
application!

Solution:

a, According to the theory of superposition the normal stresses can be added.

’ sz
O, =

by
7 Yy, Oy = . Z,0, = 0y + Oy
z y

If the resultant is known the stress distribution can be drawn (see in figure below),
where oy is the normal stress coming from the bending moment in z direction,
while g’ is the normal stress coming from the bending moment in y direction.
According to the theorem of superposition the two stress function can be added.
The summation of the stress functions result the o, stress distribution in the
function of y and z. From the figure it can be seen that the dangerous points of the
dangerous cross section are two corner points of the cross section. It means the
maximum stress arises there.
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dangerous

point
L S S X S
Ms

-9
M;>0
c -
M Mi<0

-,
GX ax Ux
Y
dangerous™
Dpoint a

8]

b, In the case of inclined bending the basic equation for sizing can be written as

My, My, |
o =o0,+0, = +
xmax X X KZ K

<ou = 7” = 250MPa
y

For square cross section the moment inertias calculated for the direction y and z
are the same, so the K,, = K, are equal to each other.

Myl + |Myy|

xmax —

K, K, EGMbZl + |Mpy|) < oan

The minimum required section modulus can be determined
szin

My, | + [Mp,|  [500- 103 |[Nmm + |—800 - 10%|[Nmm
Oall

_ 3
>50MPa = 5200mm

Using the minimum required section modulus the minimum required edge length
can be calculated.

a3
K, =—= anin

- = 3[6K min = \/ 6 5200mm3 = 31.48mm

The minimum required edge length has to rounded up for the following standard

value, therefore the applied edge length can be determined.

Agpp = 35mm
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Combined loading: tension and bending. A prismatic beam (see in figure) is loaded
by an external force F.

Example 7

Data:

F =90kN, a =40mm, b =60mm, o,; = 200MPa

Questions:

a, Reduce the external force to the center of the axis then determine the resultants
and those magnitudes at the support. Determine the dangerous cross section of
the beam and draw the stress distribution, then determine the dangerous point(s)
of the cross section!

b, Control the beam and determine the actual value of the factor of safety!
¢, Determine the equation of the neutral axis!

d, Determine the stress tensor connected to the dangerous point(s) of the cross
section!

Solution:

a, For the first step the external force has to be reduced to the centre of gravity of
the cross section. The resulting resultants are bending (positive and the direction
of the bending moment is y) and compression.

The dangerous cross section of the beam are every cross section, where the
resultants are:

40mm

a
N = —=90kN ; My, = EF = 90-103N = 1.8 10°Nmm
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The stress distribution can be drawn (see in figure below) according to the
following contexts using the theory of superposition.

N y
Oy = T oy = % Ox= oy + ay
y
dangerous
yA_ POy 4 pa oy
i ,,y>o|'/
p

’ 7
zZ "N<( Oy fo)

b
}
|
|
LRI
\j

a | neutral axis
»

Tmmmm Lo

7 —

Oy, x
‘Z—% N<0

ax max

b, Control calculation for maximum stress using the basic equation for sizing and
control as

1 O_//_m+|Mby|<

Oxmax = Ox + 0x = ) K, = Oan = 200MPa
The normal stress coming from the compression is
, _INl _[-90-10°N| _ 37 5MP
T4 T T a0.60 M

The normal stress coming from the bending is

12

|Mpy|  11.8-10°Nmm| [1.8-10°Nmm|
O'x= = =

K, a?b 16000mm3

6

= 112.5MPa

The maximum stress using the theory of superposition can be determined.
Oxmax = Ox + 05 = 37.5MPa + 112.5MPa = 150MPa
Oxmax = 150MPa < g,;; = 200MPa
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The condition is fulfilled so the beam is right. The actual factor of safety can be
calculated as follows
o 200MPa
— all — —1.33
Oxmax 150MPa

¢, The equation of the neutral axis can be determined from the following equation

N M
ax=a§+a,’c’=—+ﬂ2=0

AL

The cross sectional properties can be calculated.

B a3b B 403mm?3 - 60mm — 220000mm?
y=12 T 12 = mm

A = ab = 40mm - 60mm = 2400mm?

Reordering the equation for the determination of the neutral axis for the z we get

N L,  —90-10°N 320000mm?*
A My,  2400mm? 1.8-10°Nmm

z= = 6.66mm
d, To be able to determine the stress tensor connected to the dangerous points the
maximum stress has to be calculated.

The normal stress from the compression is

, N _—90-10°N _ 37 5MP
%= AT 2400mmz ~ MY

The normal stress from the bending is

12

_ My,  1.8-10°Nmm

“Y gy = 2. (220) = —112.5MP
¥ =7 a0 = 3a0000mme 20 >MPa

According to the theory of superposition the maximum stress can be calculated.

1 " N Mby
Oxmax = Ox T Oy = —+—— Zgp = —37.5MPa — 112.5MPa = —150MPa

AT

The stress tensor after substitution is

o, 0 0] [-150 0 O
0 0 0ol]=| 0 0O 0|MPa
0 0 0 0 00

Tp=
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Combined loading: inclined bending. A prismatic beam with rectangle cross
section is loaded and the dangerous cross section is known. The external loading is
given with the moment vectors reduced to the center of gravity of the cross
section.

Example 8

Data:
M, = (150j — 300k)Nm,a = 30mm, b = 50mm
D y | S
T ¢ "
5
=+ - -
Y & 'y
A B
-9 5
Questions:

a, Sign the components of the moment vector on the cross section and denote the
loadings and those signs. Draw the stress distribution of the cross section and
determine the dangerous point(s) of the cross section!

b, Determine the equation of the neutral axis and draw it along the cross section!
¢, Determine the stress values at the given cross sectional points 4, B, C and D!
Solution:

a, According to the theory of superposition the normal stresses can be added.

MbZ b
y
—_ i - Z ) O-JC —_ O’J’C O’;’CI

1, V% T

Oy

If the resultant is known the stress distribution can be drawn (see in figure below),
where o, is the normal stress coming from the bending moment in z direction,
while g, is the normal stress coming from the bending moment in y direction.
According to the theorem of superposition the two stress function can be added.
The summation of the stress functions result the g, stress distribution in the
function of y and z. From the figure it can be seen that the dangerous points of the
dangerous cross section are two corner points of the cross section. It means the
maximum stress arises there.
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dangerous neutral axis
pointAp YA C /VA VA VA
A My 8

|- S ) —
z M= 0) Ux ox Gx
Y & o é

AN

a dangerous

'
o5

, point

b, The equation of the neutral axis can be written as follows

My,  Mpy
+—2z=0
L2

Oy =0y + 0y =

where the moment of inertias are

3 ab3 _ 30mm - 503mm3

=—= =312 4
=13 12 312500mm
L a3b 3 303mm?3 - 50mm — 112500mm®
y=12 T 12 = mm

Reordering the equation for the determination of the neutral axis for the y we get

My, 1, 150-103Nmm 312500mm*
y=— 7 - - _

: = 139
L, * M, 112500mm* 300 - 103Nmm z

¢, Normal stress calculation at certain cross sectional points:

Stress value at point 4:

M, M,
ox(A) = —Zya+—>24 =
1, I,
300" 103Nmm( 25mm) + 150 - 103Nmm15 B
= 7312500mm?* ) 12500mms O T

= —24MPa + 20MPa = —4MPa

Stress value at point B:
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M M
ox(B) = IbZJ/B +%ZB=
z y
_300-103Nmm( ’c )+150-103Nmm( | Smm) =
= 7312500mm?* M) 12500mm* mm) =

= —24MPa — 20MPa = —44MPa

Stress value at point C:

M M
ox(C) = IbZYC+%ZC=
z y
300 10°Nmm c +150-103Nmm( | Smm) =
= 312500mm* 2" T T112500mm? mm) =

= 24MPa — 20MPa = 4MPa

Stress value at point D:

M M
ox(D) = Ibz Yp +%ZD =
z y
300" 103Nmm25 L 150 10°Nmm LSmm =
= 7312500mm* T T T112500mmt T

= 24MPa + 20MPa = 44MPa

Example 9
Combined loading: tension and inclined bending. A sheet welded on a prismatic

beam with hollow (rectangular tube) cross section is loaded by an external force F
(seein figure).

Data:

b 9
F = 5kN, R, = 350MPa, n=1.4, a = 10’ c =500mm
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Ei

a
b
ik

o

A
A J

A
Y

O¢

[}

Questions:

a, Reduce the external force to the center of the axis then determine the resultants
and those magnitudes at the support. Determine the dangerous cross section of
the beam and draw the stress distribution, then determine the dangerous point(s)
of the cross section!

b, Size the beam for maximum stress suggest a cross sectional size for application!
Solution:

a. For the first step the external force has to be reduced to the centre of gravity of
the cross section. The resulting resultants are inclined bending and tension.

The stress distribution can be drawn (see in figure below) according to the
following contexts using the theory of superposition.
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y
b2 Fb/2
F F
-+
D2 % x
- Fb/2
o IIRIRRRRRRARARARNARARRAREN :
z k
Moy - (IO IO %
-Fb/2
Fbi2
+
g, LTI -

The dangerous cross section of the beam are every cross section, where the
resultants are:

c c
N =5kN; Myy = =5 F = —125kNm; My, = 5 F = 1.25kNm

The normal stresses coming from the different loadings are the following. The
theory of superposition can be applied.

1 MbZ " o__ Mby mno__ MbZ
Oy = — 2,0,

nr
1, V% T ~ L

_ 12 "
Y,0, = 0y + 0, + 0y

b, In the case of tension and inclined bending the basic equation for sizing can be
written as

m_l_ | My, | N |Mp,|

— 0_’ + O_// + O_/// —
X X X A Ky KZ

< Oaul

0.
Xmax

The allowable stress can be determined.

R, _ 350MPa

Oqu = — = 14 = 250MPa

For square hollow cross section the moment inertias calculated for the direction y
and z are the same, so the K, = K, are equal to each other.

o _ M_i_ |Mby| |sz| — M
Ymax A K, K, A

1
+K—(|sz| + |Mpy|) < oan
VA

We neglect the stress coming from the tension and size for inclined bending as
follows
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1
F(leyl + |sz|) < Oan
VA

The minimum required section modulus can be calculated.

X My | + M| |-1.25-10°|Nmm +|1.25- 10°|[Nmm _ 10000
Zmin =T o 250MPa - mm

Using the minimum required section modulus the minimum required edge length
can be determined.

9 \* 10%—-9%
 — a*—p* a' - (ﬁa) _Tqor ¢t (10" - 9Ma?
= — - -

6a 6a 6a 6104

3 ’6 -10%*K, .
= Amin = H)ngrzm = 55.88mm

The minimum required edge length has to be rounded up, therefore the applied
edge lengths for the hollow cross section can be determined.

Aapp = 60mm, byy,y, = 54mm
Control calculation using the applied cross sectional sizes:

The applied cross sectional properties can be determined as

a4- _ b4—
Agpp = a® — b? = 684mm?, K, = P 12380mm3
The maximum stress can be calculated.
_INl | |Myy| Myl 5kN 2:1.25-10°Nmm

Oxmax = T T = gammz T T 12380mm3
= 7.31MPa + 201.93MPa

Ormax = 209.24MPa < g, = 250MPa

The condition is fulfilled, therefore the following cross section is suggested for
application: 60mmx60mmx3mm square hollow cross section.
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9.1. Examples for the investigations of combined loadings (tri-axial
stress state)

9. COMBINED LOADS - TRI-AXIAL STRESS STATE

Example 1

Combined loading: tension and torsion. A prismatic beam with circular cross
section is loaded and the dangerous cross section is known. The external loading is
given with the force and moment vectors reduced to the center of gravity of the
cross section.

Data:

P(0;0;20)mm, F = 150kN,M = 1.3kNm,D = 40mm, G = 80GPa,v = 0.3

Questions:

a, Determine the reaction forces, then draw the stress resultant diagrams.
Determine the dangerous cross section(s) of the beam and name the resultants.
Draw the stress distribution of the dangerous cross section then determine the
dangerous point(s) of the cross section!

b, Determine the stress values and stress tensor at the given cross sectional point
P!

¢, Establish the strain tensor of body point P using the general Hooke's law!

d, Determine the equivalent stress values of body point P using the Huber-Mises-
Hencky and the Mohr theories for calculations.

e, Edit the Mohr’s circle of body point P and determine the principal normal
stresses, then establish the stress tensor in the coordinate system of principal
directions!

f, Calculate the equivalent stress values of body point P using principal normal
stresses!
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a, To be able to determine the dangerous points, the normal force diagram, the
torque moment diagram, the dangerous cross section and the stress distribution

have to be determined (see in figure below).

Solution:

150 kN
dangerotls 4
points 7 LTI T

1.3 kNm

The dangerous cross sections of the beam are the whole length, where the
resultants are:

N = 150kN ; M, = 1.3kNm
b, Stress values at the given cross sectional point P:

N _150-10°Nmm

P)=—="— = 119.37MP
7:(P) = 4 = T756.6mm? ¢
D?m 40°mm? & 5
= = = 1256,6mm
4 4
M, 1.3-10Nmm
-0mm = OMPa

P)=— =
() = 7% = 351327 41mm?

—M, —1.3-10°Nmm

Py=—-tz, = - 20mm = —103.45MP
oy (P) =% = 051307 atmme 20 ¢

: _D4n_404mm4-n_251327 .
P32~ 32 mm

The stress tensor in general and after substitution

Ox Txy Txz 119.37 —103.45 0
Tp=|tyx 0 0 |=[-103.45 0 0[MPa
TZX 0 0 0 0

¢, Using the general Hooke's law the strain tensor can be determined.
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,
Ap = E(TP =T I),T, =0, + 0, + 0, = 119.37MPa
. 03 L 2755 0 0
Ap = (Tp - 15 11937MPa 1) = (T, | 0 2755 0 |MPa]=
2G 1,3 2G 0 0 27.55

91.82 —103.45 0
=5C —103.45 —27.55 0
0 0 —27.55

MPa =|-647 —1.72 0
0 0 -1.72

[ 5.74 —6.47 0
10~*

d, In case of multiaxial loading conditions, equivalent tensile stress can be
calculated with the following formula:

Ooq = v/ [0x(P)]2 + B[t(P)]?

T(P) = \/ [ty (P)]” + [Tz (P)]? = 103.45MPa

B = 4 substitution need to be applied when Mohr's theory is used for determining
the value of equivalent tensile stress

Goq(Mohr) = \/[o,(P)]2 + B[t(P)]2 = \/119.37% + 4 - 103.452 = 238.87MPa

B = 3 substitution need to be applied when Huber-Mises-Hencky's theory is used
for determining the value of equivalent tensile stress

Oeq(HMH) = \/[ax(P)]Z + B[t(P)]? = \/119.372 + 3-103.45% = 215.3MPa
e, The editing of the Mohr’s circle can be seen in figure below.

7,4

Y(oy: 7y) X(oy - 7y

Z(0.0) -
03 05 0(59.69) g7 0Oy

That circle’s radius which passing through points X and Y is determined

R =/59.692 + 103.452 = 119.44 = 119.44MPa
Using this calculated value the principal normal stresses can be determined

o1 = 179.13MPa; g, = OMPa; g3 = —59.75MPa
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The stress tensor in general and after substitution in the coordinate system of
principal directions.

g 0 0 179.13 0 0
Tp(123)=|0 o, O|=]| o0 0 0 [MPa
0 0 o 0 0 —59.75

f, Value of the equivalent tensile stress using the Mohr's theory for calculations
Ocq(Mohr) = 01 — 03 = 179.13MPa — (—59.75)MPa = 238.88MPa

Value of the equivalent tensile stress using the Huber-Mises-Hencky's theory for
calculations

Oeq(HMH) = \/%[(01 —0,)% + (0, — 03)% + (05 — 07)?] = 215.3MPa

Example 2

Combined loading: tension and torsion. A prismatic beam with circular cross
section is loaded and the dangerous cross section is known. The external loading is
given with the force and moment vectors reduced to the center of gravity of the
cross section.

Data:
Mg = (—20))kNm, F; = (40i))kN
oD Y Y
z Oy
GXT
z
t*c.x?
z
Questions:

a, Sign the components of the force and moment vector on the cross section and
denote the loadings and those signs. Draw the stress distribution of the cross
section and determine the dangerous point(s) of the cross section!
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b, Size the beam using the Huber-Mises-Hencky's theory for equivalent stress and
suggest a cross sectional value for application!

Solution:

a, If the resultant is known the stress distribution can be drawn (see in figure
below).

dangerous
TN poimes

From the figure it can be seen that the dangerous points of the cross section are
the points of whole outer diameter. It means the maximum stress arises there.

b, In case of multiaxial loading conditions, equivalent tensile stress can be
calculated

N\2 VAN
Ueqmax=V0-2+ﬂTZ=\/(Z) +ﬂ<K_> < Oan
p

While the torque seems to be more dangerous compared to the normal force, we
neglect it and because of the Huber-Mises-Hencky's theory f = 3 can be applied

M M |-2-10°]
[B—=L < 0, = Kymin = /B — = 17321mm?3
BKp Oall pmin oa =V3o——— 200MPa mm

Using the minimum required polar section modulus the minimum required
diameter can be calculated.

D3n 216K, 3[16-17321mm3
K, =——= D, = min _ = 44.52mm

P16 T T

The minimum required diameter has to be rounded up for the following standard
value, therefore the applied diameter can be determined.
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Control calculation for tension and torque combined loading using the applied

D = 45mm

app

diameters:

The cross sectional properties using the applied diameter can be determined
D?-m D3

T
Aapp = —4— = 1590mm?, K4, = T = 17892mm3

The maximum stress in the structure using the applied diameters is

N2 M.\
Ueqmax:\/mz\kz) +B<K_;> =

B ( 40kN >2+3 2-10Nmm 2_\/25 152MPa + 3 - 111.782MP
~ | \1590mm? 17892mm3 ) ~ V7 ‘ ' ’

eqmax = 195.24MPa < 04y, = 200MPa

The condition is fulfilled, thereby the following diameter is suggested for
application: D = 45mm.

Example 3

Combined loading: bending and torsion. A prismatic beam with circular tube cross
section is loaded (see in figure below) and the dangerous cross section is known.
The external loading is given with the force and moment vectors reduced to the
center of gravity of the cross section.

Data:

M = (—1.60)kNm, Fs = (220)kN, R, = 260MPa,n = 1.7,D = 3d
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oD VA Y VA
—
z Ox Tz
ad

tak

Questions:

a, Sign the components of the force and moment vector on the cross section and
denote the loadings and those signs. Draw the stress distribution of the cross
section and determine the dangerous point(s) of the cross section!

b, Size the beam using the Mohr's theory for equivalent stress and suggest a cross
sectional value for application!

Solution:

a, If the resultant is known the stress distribution can be drawn (see in figure
below).

dangerous
points

From the figure it can be seen that the dangerous points of the cross section are
the points of whole outer diameter. [t means that the maximum stress arises there.

b, The allowable stress can be calculated as
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In case of multiaxial loading conditions, equivalent tensile stress can be calculated

N2 M\
O'eqmax:\/0'2+.8'[2: (Z) +B(K_;) < Oau

R, 260MPa

O = —2 —— = 152.94MPa

While the torque seems to be more dangerous compared to the normal force, we

neglect it and because of Mohr's theory f = 4 can be applied

M, M, |—1.6 - 10°]
\/E_So-meg :>Kpmin:\/ﬁ_:\/Z

——————— =20923mm3
K, Oun 152.94MPa mm

while D = 3d, therefore

K - (D*—d m  ((3d)* —d*H)m 80d’m
P~ 16D 48d T 48

Using the minimum required polar section modulus the minimum required
diameter can be calculated.

|48k, 2|48-20923mm
min = | Teor 807 - Loe/mm

The minimum required diameter has to be rounded up for the following standard
value, therefore the applied diameters can be determined.

dapp = 16mm, Dy, = 48mm

Control calculation for tension and torque combined loading using the applied
diameters:

The cross sectional properties using the applied diameters can be determined

_(D*=d¥)m (D* —dHm
arp — 4 16D

The maximum stress in the structure using the applied diameters is

N2 M.\
Ueqmax:\/mz\/<2) +ﬁ<K_;> =

A = 1608mm?, K,qpp = = 21447mm3

_ 22kN )2 4 (L6 10°Nmm 2—\/13682MP 4-74.62MP
- (1608mm2 T\ Zaarmme ) TV at ' @

Ocqgmax = 149.83MPa < 0,4 = 152.94MPa
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The condition is fulfilled, thereby the following diameters are suggested for
application: d = 16mm, D = 48mm

Example 4

Combined loading: bending and torsion. A prismatic beam with circular tube cross
section is loaded (see in figure below) and the dangerous cross section is known.
The external loading is given with the force and moment vectors reduced to the
center of gravity of the cross section.

Data:
M, = (—1.4i+ 1.2j)kNm, F; = (0i)kN, R, = 285MPa,n =1.8,D = 3d

op YA VA VA
e
z Oy Tz
ad

Questions:

a, Sign the components of the moment vector on the cross section and denote the
loadings and those signs. Draw the stress distribution of the cross section and
determine the dangerous point(s) of the cross section!

b, Size the beam using the Huber-Mises-Hencky's theory for equivalent stress and
suggest a cross sectional value for application!

Solution:

a, If the resultant is known the stress distribution can be drawn (see in figure
below).
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y VA Vi
M.<0
dangerous
point A ]
z > Ox [
aAd My <0,

o Vm dangerous
- ’ point
z W/‘
i
ER

From the figure it can be seen that the dangerous points of the cross section are
two outside points of the cross section. It means the maximum stress arises there.

b, The allowable stress can be calculated as

R, 285MPa

_ T _ — 158.33MP
Gau =7, 18 a

In case of multiaxial loading conditions, equivalent tensile stress is calculated

2 2
M, M,
Oeqgmax = V o?+p*= \/(K_y> +pB (K_> < Oau

y 14

Using the K, = 2K, substitution because of the circular cross section, furthermore

applying the Huber-Mises-Hencky's theory f = 3 can be applied.

M,,* M,? 1
Ocqmax = 2 +p

B

2 2
Mby +ZMt SO’a”

B ” 1
= |— (M, +=M ):—

2 2 2( by t
K, 4K, K, 4 Ky

3
Meq = ijyz +Em7 = \/1.2%1va +7142kNm? = 1.705872kNm

4
Meq _ K Meq _1705872-10°Nmm _ . s
= . = = =
_Ky = Ogpp ymin Oall 158.33MPa i

while D = 3d, therefore
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X _(D*=dYm  (Bd)*—d)m  80d’nm
ymn = 32D~ 32-3d 96

Using the minimum required section modulus the minimum required inner

diameter can be calculated.

3|96K, . 3(96 - 10774mm3
Ao = ymin _ = 16.03
min J 807 807 mm

The minimum required diameter has to be rounded up for the following standard
value, therefore the applied diameters can be determined.

dapp = 17mm, Dy, = 51mm

Example 5

Combined loading: bending and torsion. A prismatic beam with ring cross section
is assembled with rigid discs. Discs with different diameter are loaded by
tangential forces. The bearings at point A and B are not fixing the rotational degree
of freedoms. The stress coming from shear is neglected.

Data:
Fl = ZOkN, FZ = 25kN,F3 = 10kN,

D 5
a =100mm,b = 300mm, R, = 260MPa,n = 1.5,E = 1
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@800
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M, _ >

Questions:

a, Reduce the forces acting on the discs to the shaft and determine the reaction
forces in the supports, furthermore determine the stress resultant diagrams.
Determine the dangerous cross section(s) of the shaft and name the resultants.
Draw the stress distribution and determine the dangerous point(s) of the cross
section!

b, Size the beam using the Huber-Mises-Hencky's theory for equivalent stress and
suggest a cross sectional value for application!

Solution:

a, Using the equations of equilibrium the reaction forces can be determined:
ZMAi =0= Fla_FZa + FB(a + b) - F3(a + b + a) = FB = 1375kN
z Mg, =0 =Fy(a+b+a)—Fy(a+b)+Fb— F;a = Fy = 41.25kN

To be able to size the shaft the shear force diagram, the bending and torque
moment diagrams, the dangerous cross section, the stress distribution and the
dangerous points have to be determined (see in figure below).
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dangerous 100 | 100 300 100
. a800
/ point
y y @200 @160
—t7-+-—-—1 4+—- - —»
o, Ty —[ " l x
10 kN
20 kN 7 25 kN
o, f\ dangerouis —
- i point 2kNm 2kNm 4kNm
T, T/ﬂm f 4:¢ ? F[)_;
* 20 kN Fy 25 kN Fg 10 kN
21,25 kN 10 kN
T N M—’
- L 375 kN X
=20 kN
| 2 kNm 1 kNm
M. |
bz - 20,125 kNm x
4 kNm
2 kNm
M LT -

The dangerous cross section of the shaft is the cross section A or B, further
calculations are required to determine it. The resultants are:

Cross section A
My, = 2kNm; My = 2kNm; T = 21.25 kN
Cross section B
My, = 1kNm; M; = 4kNm; T = 10 kN

The stress distribution and the dangerous points location are the same on the
cross section A and B, therefore the procedure for sizing can be equal.

b, The allowable stress can be calculated as

R, 260MPa

O, = — =

= 130MPa

In case of multiaxial loading conditions, equivalent tensile stress can be calculated

2

My\* | (M

K_ZZ) +B (K_p> < Oau

Using the K, = 2K, substitution for the ring cross section, furthermore applying
the Huber-Mises-Hencky's theory § = 3 can be applied.

Ueqmax=V02+BTZ =\/(
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M,,? M,? 1 B 1 B
Ocqmax = KZZ + B4K_2 = _K 2 (szz +ZMt2> = K_y szz +ZMt2 < o411
Z VA Z

To determine the dangerous cross section, value of M., need to be calculated

The value of the equivalent moment at cross section A can be calculated

3
Meq = \/M;J + %Mtz = JZZkNmZ +7 22kNm? = 2.645751kNm

The value of the equivalent moment at cross section B can be calculated

3
Meq = \/szz + %Mtz = \/12kNm2 + Zélszm2 = 3.605551kNm

The dangerous cross section of the shaft is the cross section B therefore the sizing
needs to be done with this values.

Meq _ p M,y 3.605551- 106Nmm
—t L= =
K, — Ja = Ramin =50 130MPa

while D = 5/4d, therefore

= 27735mm3

5 4
54) — gt 625 369
(0 —dm <(4 ) )” (2564 —d")m _g5ed'n _ 369’

K. .. = =
Zmn 32D 5 40d 40d 25640

Using the minimum required section modulus the minimum required inner
diameter can be calculated

3|256 - 40K ,,in 3256 - 40 - 27735mm3
Amin = = = 62.57mm

3691 369w

The minimum required diameter has to be rounded up for the following standard
value, therefore the applied diameters can be determined.

dapp = 64mm, D = 80mm

app
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